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THE THIRTY-FOURTH SUMMER MEETING 
OF THE AMERICAN MATHEMATICAL 
SOCIETY 


The thirty-fourth summer meeting and twelfth colloquium 
of the Society were held at Amherst College, Amherst, 
Massachusetts, from Tuesday to Friday, September 4-7, 
1928, preceded by the summer meeting of the Mathematical 
Association of America. 

The colloquium lectures by Professor A. B. Coble were 
delivered on Tuesday and Wednesday mornings and Thurs- 
day afternoon with seventy-seven members in attendance; 
a report of these lectures, by Professor H. S. White, will 
appear in an early issue of this Bulletin. On Thursday morn- 
ing the Society held sectional sessions for the reading of 
papers, a Section of Geometry and a Section of Algebra, 
Analysis, and Foundations. General sessions were held on 
Thursday afternoon and Friday morning. The joint dinner 
of the Society and the Association, with Ex-President Olds 
of Amherst, as toastmaster, was held at the Lord Jeffery 
Inn on Wednesday evening, with about 150 persons present. 

During the latter part of Tuesday afternoon, visiting 
mathematicians and their friends enjoyed an excursion to 
Mount Holyoke College where they were entertained at tea; 
and Wednesday afternoon was devoted to an automobile 
excursion up the beautiful valley of the Connecticut River. 
President and Mrs. Pease tendered a reception to the guests 
on Tuesday evening at the Lord Jeffery Inn. The college 
dormitories were opened for the visitors, and meals were 
furnished at the Lord Jeffery Inn near the campus, all at 
very modest rates. The college and town placed their 
recreational facilities at the disposal of the mathematicians, 
a feature which was much appreciated. 

Resolutions were passed expressing profound appreciation 
of the cordial hospitality of the College, and especially of 
its officers, President Pease, Ex-President Olds, and Dean 
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Esty, whose kindness in making the remarkably efficient 
arrangements for the comfort and convenience of the visitors 
met with praise on every hand. The beautiful surroundings 
of the venerable college was another of the features which 
made this meeting one of the most pleasant in the Society’s 
history. 

Greetings were cabled from the Society to the Interna- 
tional Mathematical Congress meeting simultaneously at Bo- 
logna and a reply was received reciprocating the felicitations. 

The attendance included the following one hundred 
twenty-eight members of the Society: 

C. R. Adams, R. B. Adams, Allison, Anderton, Bacon, A. A. Bennett» 
Theodore Bennett, Blichfeldt, G. A. Bliss, Blumberg, Bradshaw, Brink- 
mann, H. S. Brown, Bullitt, Cairns, B. H. Camp, C. C. Camp, G. A- 
Campbell, Carlen, F. E. Carr, Coble, Abraham Cohen, Coolidge, A. H- 
Copeland, L. P. Copeland, Crathorne, Crawley, Currier, Darkow, H. T- 
Davis, Decker, Dederick, Dines, Doak, DoBell, Dorwart, Douglas, Dres- 
den, Esty, Feinler, W. B. Ford, Fort, Fry, Gehman, D. C. Gillespie, J. W. 
Glover, V. G. Grove, M. G. Haseman, E. R. Hedrick, Hickson, Huber, 
Hurwitz, J. I. Hutchinson, Louis Ingold, Ingraham, Dunham Jackson, 
Jeffery, M. I. Johnson, R. A. Johnson, Karnow, Kempner, Langer, Lang- 
man, Latimer, Leib, Lotka, MacColl, MacDuffee, MacMillan, Maizlish, 
H. P. Manning, Martin, Michie, W. E. Milne, Mode, C. L. E. Moore, 
T. W. Moore, Moriarty, Richard Morris, F. H. Murray, Neelley, Oakley, 
Olds, F. W. Perkins, L. R. Perkins, Phalen, Pierpont, C. S. Porter, Ransom, 
C. J. Rees, R. G. D. Richardson, D. E. Richmond, Rider, H. L. Rietz, 
Ritt, Robison, E. D. Roe, Schelkunoff, Schoonmaker, Seely, Shaub, 
Sheffer, Simons, Slobin, Slotnick, A. H. Smith, C. E. Smith, S. E. Smith, 
W. M. Smith, Sprague, Stetson, Struik, Tamarkin, Eugene Taylor, 
Thurston, Torrey, Tracey, L. E. Ward, J. H. Weaver, Warren Weaver, 
M. E. Wells, A. H. Wheeler, R. A. Whelan, H. S. White, Wiener, E. W. 
Wilson, W. A. Wilson, Yeaton. 


The Secretary announced the election of the following 

forty-four persons to membership in the Society: 

Mr. William Vinton Bond, University of Gottingen; 

Mr. Moffatt Grier Boyce, Western Reserve University; 

Professor Marguerite D. Darkow, Pennsylvania State College; 

Professor Prentice Dearing Edwards, Ball Teachers College, Muncie, 
Indiana; 

Mr. Carl M. Erikson, Michigan State Normal College; 

Mr. William Welch Flexner, Princeton University; 

Professor Robert Jeffrey Hannelly, Phoenix Junior College, Phoenix, 
Arizona; 
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Dr. Harry Gordonson Kaplan, Stuyvesant High School, New York City; 
Mr. Herman Karnow, University of Colorado; 
Mr. Akitsugu Kawaguchi, Hokkaido Imperial University, Sapporo, Japan; 
Miss Dorothea Agatha Kern, Swarthmore College; 
Miss Edna E. Kramer, Wadleigh High School, New York City; 
Dr. Horace C. Levinson, Chicago, III. 
Assistant Professor Edward James McShane, Wichita, Kansas; 
Professor Tatsuo Mori, Naval Academy, Yedajima, Hiroshima-Ken, 
Japan; 
Mr. David Clarence Morrow, University of Chicago; 
Mr. Cletus Odia Oakley, University of Illinois; 
Professor Kurt Edward Rosinger, Pennsylvania State College; 
Mr. Robert Clarence Shook, University of Chicago; 
Dr. Francis Raymond Stark, Western Union Telegraph Company, New 
York City; 
Dr. Marie Johanna Weiss, Stockton, California; 
Mr. Yue Kei Wong, University of Chicago; 
Nominees of the Mathematical Association of America: 
Dr. H. W. Bailey, University of Illinois; 
Mrs. Mary Hegeler Carus, LaSalle, Illinois; 
Dr. C. C. Craig, University of Michigan; 
Mr. W. C. Risselman, University of Minnesota; 
Professor C. C. Wylie, University of Iowa. 
Nominees of the General Electric Company: 
Dr. E. J. Berg, Mr. D. H. Harms, Mr. M. L. Henderson, Mr. A. Howard, 
Mr. W. C. Johnson, Jr., Dr. I. Langmuir, Mr. J. K. Leibing, Mr. R. G. 
Lorraine, Mr. R. H. Park, Mr. V. Petrovsky, Mr. D. C. Prince, Mr. W. F. 
Skeats, Mr. J.C. Smith, Mr. J. J. Smith, Mr. I. A. Terry, Mr. L. Wetherill; 
Nominee of the Prudential Insurance Company: 
Mr. Valentine Howell. 


Five applications for membership were received. 

It was announced that Professor G. H. Hardy, of the 
University of Oxford, has accepted the invitation of the 
Society to give the sixth Josiah Willard Gibbs Lecture in 
connection with the Annual Meeting in New York City, 
his subject being An introduction to the theory of numbers. 

The following appointments were announced: to represent 
the Society at the inauguration of President F. B. Robinson, 
of the College of the City of New York, Professor T. S. Fiske; 
as Committee on Arrangements for the sixth Gibbs Lecture, 
Dean H. E. Hawkes and Professor G. W. Mullins; to repre- 
sent the Society at the International Congress in Bologna, 
Professors R. C. Archibald, G. D. Birkhoff, H. F. Blichfeldt, 
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Edward Kasner, Oswald Veblen, and Virgil Snyder; as 
Committee on Arrangements for the summer meeting of 
1929, Professors A. J. Kempner (chairman), E. L. Dodd, 
C. A. Hutchinson, R. G. D. Richardson, and C. H. Sisam. 

The invitations from Brown University for the summer 
meeting of 1930 and from the University of Minnesota for 
the summer meeting of 1931 were accepted. 

It was announced that for 1928-29 the National Academy 
of Sciences had allotted to the Society from funds donated 
by the General Education Board the sum of $3500, to be 
distributed as follows: Bulletin, $500; Transactions, $1500; 
American Journal of Mathematics, $1500. 

A list of nominations for trustees, and officers and other 
members of the Council was adopted and ordered printed 
on the ballot. 

The Secretary announced that, in response to the request 
for copies of No. 6 of volume 33 of the Bulletin, members had 
volunteered to contribute more than enough to make up 
the shortage. 

To meet the deficit for the current and succeeding years, 
Professor R. C. Archibald has procured a list of more than 
one hundred subscribers to a special fund, the amount per 
year being over thirteen hundred dollars. It was voted to 
extend to him the hearty thanks of the Council for his timely 
and untiring efforts in behalf of the finances. 

The Council voted to thank Professor Clara E. Smith for 
her able efforts in the campaign of the Membership Com- 
mittee. 

At a joint meeting of the Trustees of the Mathematical 
Association and the Council of the Society, there was an 
informal discussion of various international projects which 
have been suggested for consideration. 

Titles and abstracts of the papers read at this meeting 
follow below. The papers numbered 1 to 16 were read before 
the Section of Geometry, Professor Coolidge presiding ; those 
numbered 17-36 before the Section of Algebra, Analysis, and 
Foundations, Professor Jackson presiding; those numbered 
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37 to 45 at the general session on Thursday afternoon, Pro- 
fessor Glover presiding; and those numbered 46 to 70 at the 
general session on Friday morning, Vice-President Rietz 
presiding. Professor Errera was introduced by Associate 
Secretary Dresden, Mr. Feenberg by Professor Ettlinger, and 
Professor Hufford by Professor Davis. The papers of 
Altschiller-Court, Ayres, Craig, Dorroh, Edmonson, 
Ettlinger, Feenberg, Graustein, Gronwall, Hightower, Holl- 
croft, Kasner, Ketchum, Knebelman, Lane, Lubben, Michal, 
R. L. Moore, Morse, Putnam, Sharpe, Sheffer (third paper), 
Simmons, Thomas, Walsh, Whyburn, and N. R. Wilson were 
read by title. 


1. Professor C. L. E. Moore: Linear complexes of curves 
in Riemannian space. 


The complex of curves defined by the equation )~ \ydx'=0 has many 
of the properties of hypersurfaces. In this paper the author investigates 
some of these similarities, including parallelism, geodesics, normal curva- 
ture, mean curvature, geodesic curvature, and torsion. There is a first and 
a second fundamental form, and consequently Gauss-Codazzi relations, 
together with the results that depend upon them. 


2. Dr. Jesse Douglas (National Research Fellow): Deter- 
mination of all descriptive and voluminar differential invariants 
of a space of K-spreads. 

This paper refers to the author’s previous paper, The geometry of systems 
of K-spreads, abstract in this Bulletin, Jan., 1928. The problem is to find 
all functions of the components of affine connection Tj, and their partial 
derivatives which are unchanged (1) under an arbitrary transformation 
of parameters on the K-spreads (descriptive), (2) under a transformation 
of parameters with constant jacobian (voluminar). It is found that the 
most general descriptive invariant is a function of a certain fundamental 
one, IIjx, and its derivatives, and the most general voluminar invariant 
is a function of two fundamental ones, Tax, Vi, and their derivatives. 


3. Professor S. A. Schelkunoff: On rotations in ordinary 
and null spaces. 


The author gives a new proof that the characteristic roots of the 
ordinary group of rotations are exponential functions of the angles of 
component simple rotations. He then studies the quasi-orthogonal group. 
The characteristic roots are still unit complex numbers, but do not, in 
general, occur in conjugate pairs. Invariant “axes” of quasi-rotations 
form a quasi-orthogonal set of lines whose direction components are 
readily determined; the same is true of ordinary rotations as a special case. 
After the problem of decomposition of general rotations and quasi-rotations 
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into simple component rotations is solved, the author passes to the con- 
verse problem: to determine the coefficients of a quasi-orthogonal trans- 
formation if the direction components of the invariant axes and the cor- 
responding angles of rotations are given. Ordinary rotations are included 
as a special case. Necessary and sufficient conditions for a set of lines to 
be a set of invariant axes are then formulated. 


4. Professor J. H. Neelley: Concerning covariant forms of 
the rational plane quartic curve with compound singularities. 
Second paper. 

This paper considers the effects of the tacnode and the oscnode upon 
covariant forms of the rational plane quartic curve. The curve is treated 
parametrically, and binary forms which give covariant sets of parameter 
values are observed. Many cases of multiple roots occur and the cor- 
responding special relations of curve and covariant are discussed. Some 
curves degenerate and some forms vanish identically. Special attention 
is given the complete systems of the fundamental pencils of binary quartics, 
as well as combinants of pencils of line sections for each type of curve. 


5. Professor Edward Kasner: Note on the derivative circular 
congruence of a polygenic function. 


This paper appeared in full in the September-October issue of this 
Bulletin. 


6. Professor W. C. Graustein: On the trisectors of the angles 
of a triangle. 

A projective method of proof of the theorem in elementary geometry 
to the effect that the triangle formed by the points of intersection of 
adjacent trisectors of the internal angles of any triangle is equilateral 
uncovers 27 equilateral triangles each of which has as vertices points of 
intersection of trisectors, “internal,” “intermediate,” or “external,” of the 
given triangle. The 27 equilateral triangles fall into three sets of nine 
each, and each set of nine into three triads. The vertices of the triangles 
of a set are, taken collectively, the same for every set, and constitute the 
27 finite intersections of three triads of parallel lines. Every two triangles 
of a triad are perspective, the three centers of perspective of the pairs of 
triangles of a triad lie on a line, and the three lines of centers of perspective 
of the three triads of a set go through a point. The three lines are equally 
spaced about the point in the case of each of two of the three sets, and in 
the case of the odd set, they are perpendicular to the sides of the given 
triangle. Finally, the three points of intersection of the lines of centers 
of perspective for the three sets are collinear. 


7. Professor W. C. Graustein: A geometric problem in 


which order of choice is important. 


The answer to the question as to whether, when a collineation between 
two distinct planes in space is given, it is always possible to move the 
planes rigidly into new positions in which the lines joining corresponding 
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points go through a point, depends on an order of choice. If a metric space 
is assumed from the start, and a collineation between two finite planes in 
it is then chosen, the question must be answered in the negative. If the 
point of departure is a projective space in which there is given a projective 
correspondence between the points of two planes, it is always possible 
to introduce the metric (which is necessary to make rigid motions possible) 
so that the question can be answered affirmatively. 


8. Professor Nathan Altshiller-Court: On five mutually 


orthogonal spheres. 

The following are some of the results obtained in this paper: (1) If 
five spheres are mutually orthogonal, each of them is the conjugate sphere 
of the orthocentric tetrahedron determined by the centers of the remaining 
four. (2) Conversely: the five conjugate spheres of the five tetrahedra 
determined by an orthocentric group of five points in space are mutually 
orthogonal. (3) The sum of the squares of the radii of the five spheres 
determined by the centers of five given mutually orthogonal spheres is 
equal to twice the sum of the squares of the radii of the given spheres. 
(4) The ratio of the square of the radius of one of five mutually orthogonal 
spheres to the reciprocal of the volume of the tetrahedron determined by 
the centers of the remaining four is constant in absolute value. (5) The 
sum of the reciprocals of the squares of the radii of the ten circles along 
which five such spheres cut is zero. (6) The sum of the squares of the 
distances of the centers of five such spheres from the center of gravity of 
these five points is equal to four fifths of the sum of the squares of the radii 
of the spheres. (7) The tetrahedral pole of a plane of similitude of four 
of the spheres with respect to the tetrahedron determined by their centers 
coincides with the pole of the same plane with respect to the fifth sphere. 


9. Dr. M. S. Knebelman (National Research Fellow): 
Groups of motion in related Riemann spaces. 


By considering the existence of 7 linearly independent solutions of 
Killing’s equations, it is shown that if a space admits an r-parameter group 
of motions whose covariant components are $;,---, &, then every 
space in geodesic correspondence with it admits an r-parameter group of 
motions whose components are e?%¢;, - - - , e2%t;”), being the function 
whose gradient determines the geodesic correspondence. From this theorem 
that of Beltrami on spaces of constant curvature follows as a simple 
corollary. By considering the same equations for two conformal spaces, 
it is shown that if one of them admits an r-parameter group of motions, 
the other admits the same group of motions. 


10. Professor F. R. Sharpe: The problem of plane involu- 


tions of order t>2. 

In this paper it is shown that there are three ways of defining a plane 
involution J; of order f: (1) by the curves of a net of genus #, (2) by the 
curves of two projective nets, (3) by a pencil of curves of genus p, and the 
algebraically corresponding curves of a linear system of dimension r. The 
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method (3) gives, for r>2, families of involutions which exist for each 
p<h(t—1)(t—2). The method (2) gives single types of J; which exist if, 
when they are reduced to the form (1), p< 3#(t—1). The method (1) gives 
single types with p<2t—2. A fairly complete study is made for t=3 and 
a less complete discussion is given for t=4. The mapping of J; on S,, 
r=3, is also considered. The paper will appear in the American Journal 
of Mathematics. 


11. Professor T. R. Hollcroft: Multiple lines with fixed 
coincident tangent planes on algebraic surfaces. 


Noether derived a formula for the postulation of a multiple line of any 
given multiplicity on an algebraic surface of given order, but did not 
treat the cases in which some of the tangent planes to the surface through 
the line become coincident. The plane section of an algebraic surface con- 
taining an i-fold line is a curve with an 7-fold point. An algebraic surface 
can have as many varieties of 7-fold lines as an algebraic plane curve has 
varieties of i-fold points. In this paper, there is found the postulation of 
a line of given multiplicity on an algebraic surface of given order such that 
the plane section of the surface at the line is any algebraic singularity 
whose coincident tangents are fixed lines. 


12. Professor E. P. Lane: Canonical configurations asso- 
ciated with a surface. 


This paper appears in full in the present issue of this Bulletin. 


13. Professor V. G. Grove: Contributions to the general 
theory of transformations of nets. 


In this paper the author considers further generalizations of the theory 
of transformations F, K, and © of conjugate nets to the general net. In 
particular he discusses the part that the projective invariant C of Graustein 
plays in the general theory. The products of transformations C of general 
nets are considered. The concept of triads of nets is capable of generaliza- 
tion to general nets. Certain of the theorems derived are true generaliza- 
tions of Slotnick’s theorems relative to products of transformations F of 
conjugate nets. Others are true only for non-conjugate nets. 


14. Dr. M. M. Slotnick: On the projective differential 
geometry of conjugate nets. 


The analytical work connected with the study of conjugate nets in a 
projective 3-space can be made symmetrical by introducing a point on the 
axis congruence associated with the net. The point chosen is the harmonic 
conjugate of the point of the net with respect to the two focal points of the 
axis. The complete duality between the axis and ray congruences is 
analytically evident in a simple way. The results of Wilczynski and Green 
are obtained very readily. Relations between the point and tangential 
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invariants of a net are found by means of which special types of nets are 
identified in simple analytical manner. 


15. Dr. M. M. Slotnick: Semi-parallel maps of lines of 
curvature. 


If the lines of curvature of two surfaces are mapped by a semi-parallel 
map as defined by Graustein (Annals of Mathematics, (2), vol. 27, pp. 271- 
278), the surfaces are either surfaces of Monge or molding surfaces whose 
director-developables are either in a Combescurian relation or identical. 


16. Professor H. A. Simmons: Affine differential geometry 
of curves and surfaces. Preliminary communication. 


Two results have been obtained in this paper. (i) We have found a 
complete system of invariants and covariants of plane curves under affine 
transformations, and have made geometrical interpretations of these in- 
variants and covariants. (ii) We have found a complete system of sem- 
invariants. of ruled surfaces under affine transformations. In obtaining 
result (ii), an incomplete system of partial differential equations was 
encountered, the completion of which was laborious; in the corresponding 
projective theory one meets complete systems only. We hope to continue 
the affine treatment of both curves and surfaces. 


17. Professor W. A. Wilson: On irreducible cross-cuts of 
plane simply, connected regions. 


If R is a simply connected plane region whose frontier K is bounded, 
H is a closed subset of R, m and n are points of R—R-H, and H separates 
m from n in R but no closed proper part of H has that property, H is called 
an irreducible cross-cut of R between m and n. If also H does not separate 
m from 7 in the plane, it is called regular. If H is an irreducible cross-cut 
of R between m and 1, then it is a part of the frontiers of the components 
of R—R-H containing m and m and H=R-H; and conversely. The 
principal results are as follows. If H is a bounded regular irreducible cross- 
cut of R between each pair of m points, H- K is the sum of at least n closed 
sets and H is a continuum irreducible between each pair of them. If H-K 
is the sum of 1 closed sets between each pair of which H is an irreducible 
continuum, there are at least » components of the complement of H+K 
whose frontiers contain H as a proper part. 


18. Professor R. G. Lubben: Concerning limiting sets in 
abstract spaces. 


The author discusses theorems concerning limiting sets, some of which 
are extensions of results presented at an earlier meeting of the Society 
(see this Bulletin, vol. 32 (1926), p. 14). He considers, in particular, 
necessary and sufficient conditions, both with reference to the collections 
of point sets and to the spaces in which they are contained, that the limiting 
sets of such collections should have certain prescribed properties. A prop- 
erty of especial interest is the distributive property: A space is said to have 


698 AMERICAN MATHEMATICAL SOCIETY [Nov.-Dec., 


the distributive property provided that if in that space K is a closed point 
set and G is a collection of point sets and each point of K belongs to some 
subset of K which is the limiting set of some sub-collection of G, then K 
itself is the limiting set of a sub-collection G; of G. If it be specified in 
addition that G; be countable, the space is said to have the countably 
distributive property. (1) Every regular Hausdorff space having the dis- 
tributive property and satisfying the first countability axiom is locally com- 
pact. (2) In order that a metric space have the countably distributive 
property it is necessary and sufficient that the space be locally compact and 
separable. 


19. Professor C. G. Latimer: A generalization of Eisen- 
stein’s canonical cubic and associated forms. 

In this paper we shall consider a certain canonical cubic and associated 
forms. These forms are defined in exactly the same way as Eisenstein’s 
like-named forms, except that instead of employing a prime gq, in the form 
3n+1, we shall use an integer D, which contains no square factor, every 
prime factor of which is in the form 3n+1. We shall find that if a is prime 
to a certain integer, then 2 necessary and sufficient condition that there 
exist an associated form belonging to a is that every rational prime factor 
of a be the norm of a prime ideal in a certain cubic field with the dis- 
criminant D?. When D isa prime, our results are equivalent to Eisenstein’s. 


20. Dr. I. M. Sheffer (National Research Fellow): A proof 
of the fundamental theorem of algebra. 

The proof here given, which is believed to be new, is not “elementary,” 
since it makes use of the implicit function theorem and analytic con- 
tinuation. Yet it may be termed simple, and may possess features of 
interest. 


21. Mr. F. J. Feinler: A reduced Bernoulli polynomial and 
ats properties. 

From the initial relation (B+1)"—B"=0, n22, is derived a set of 
shortened polynomials. The coefficients show remarkable characteristics, 
connecting them with Luca’s échiquier of V,. 


22. Dr. W. L. Ayres (National Research Fellow): Con- 
cerning the avoidable points of continua. 


Urysohn (Mathematische Annalen, vol. 98(1927), p. 301) and Zarankie- 
wicz (Bulletin de l’Académie Polonaise, 1927, p. 194) have defined avoid- 
able points of sets. From each of these strong properties we may obtain 
a weak property by substituting connected sets for continua. It is shown 
in this paper that the Urysohn strong and Zarankiewicz weak properties 
are independent; and both are weaker than the Zarankiewicz strong 
property and stronger than the Urysohn weak. A point P of a continuum 
M has the Urysohn weak [strong] property if and only if (1) M is connected 
im kleinen at P, (2) P is not a strong [weak] cut point im kleinen of M. 


— 
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If every point of a plane continuum M has the Urysohn weak property, 
then (1) M is a cyclically connected continuous curve such that no two 
complementary domains of M have a boundary point in common (and 
conversely), and (2) no countable subset of M cuts M. If the point P of 
a continuum M has the weak Urysohn property with respect to every 
subcontinuum of M, then P has the strong Urysohn property with respect 
to every subcontinuum of M. 


23. Dr. W. L. Ayres: On the end points of continua. 


It is proved that a point P of a continuous curve M is an end point 
of M if and only if P has the Urysohn weak (or strong) property with 
respect to every subcontinuum of M. An example is given to show that 
this is not true for either the strong or weak Zarankiewicz properties. This 
new definition of an end point is examined for its relations in a general 
continuum to the definitions studied by Gehman (Transactions of this 
Society, vol. 30(1928), pp. 63-84). It is shown that the set of points of a 
bounded continuum having Gehman’s property 6 is totally disconnected, 
and an example is given to show that in space of more than two dimensions 
Gehman’s properties 3 and 6 are independent. 


24. Dr. W. L. Ayres: Conditions under which every arc 
of a continuous curve ts a subset of a maximal arc of the curve. 


Let M denote a bounded plane continuous curve. In order that every 
arc of M should be a subset of a maximal arc of M either of the following 
conditions is necessary and sufficient: (1) the set of non-cut points of M 
of Menger order two should contain no continuum; (2) if @ is any arc- 
segment of M (that is, an arc minus its end points) which is an open subset 
of M, then every point of a should be a cut point of M. In order that every 
arc of M which can be extended in M in both directions should be a subset 
of an arc of M joining two end points of M, either of the following is 
necessary and sufficient: (1) every point of M which is on the boundary 
of some complementary domain of M should be a limit point of the cut 
points of M, (2) every point of M which belongs to some simple closed curve 
that lies in the boundary of some complementary domain of M should be 
a limit point of the end points of M. We shall say that an arc B of M can 
be extended in both directions in M if there exists an arc 7 of M such that 
the arc 8 is a subset of the arc-segment of +. 


25. Professor R. G. Putnam: On the separability of classes 
(Z). 

R. L. Moore has obtained (Fundamenta Mathematicae, vol. 8, p. 189) 
theorems concerning the relation between the separability of a class (D) 
of Fréchet and the proposition that every uncountable point set has a 
limit point. In the present paper classes (E) are considered, and similar 
theorems are obtained. 

26. Mr. J. L. Dorroh: Concerning a set of axioms for the 
Semt-quadratic geometry of a three-space. 


— 
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In his paper Sets of metrical hypotheses for geometry (Transactions of 
this Society, vol. 9(1908), pp. 487-512), R. L. Moore raised the question 
whether the semi-quadratic geometry of a three-space is a consequence of 
the set O of order axioms and the set C of congruence axioms employed 
therein, together with M, the proposition that every segment has a mid- 
point, and P2, a form of the parallel axiom. He stated that this question 
can be answered in the affirmative if it can be shown that in every space 
satisfying O, C and M, all right angles are congruent to each other. In 
the present paper it will be shown that all right angles are congruent to 
each other in every such space. In view of a recent result of the author’s, 
it follows that three-dimensional semi-quadratic geometry follows from 
O, C, and 


27. Professor R. L. Moore: On the structure of a continuum. 


For each point P of the bounded plane continuum M, let Mp, denote 
the set of all points X of M such that X is not separated from P in M by 
uncountably many distinct points of M, let Mp, denote the set of all points 
X such that X is not separated from P in M by c mutually exclusive point 
sets each consisting of finitely many points of M, let Mp, denote the set of 
all points that can be joined to P by a connected subset of M not con- 
taining uncountably many points every two of which are separated in 
M by a finite point set, and let Mp, denote the component containing P 
of the product of all point sets g such that g contains P and is an element 
of some upper semi-continuous collection of mutually exclusive continua 
which fills up M and which is a continuous curve with respect to its ele- 
ments. For each i let G; denote the collection of all Mp,’s for all points 
P of M. Every G; is a continuous curve of elements, G,; being dendritic 
and G; regular. The elements of G, will be called graphatomic subsets of M, 


28. Professor G. T. Whyburn: Concerning the cyclic ele- 
ments of continuous curves. 


The cyclic elements of a continuous curve M of classes (a), (b), and 
(c) are, respectively, the maximal cyclic curves, cut points, and end points 
of M. In this paper it is shown that for each continuous curve M in n-space, 
a plane continuous curve K exists such that there is a continuous (1,1) 
correspondence, preserving class, between the cyclic elements of M and 
the cyclic elements of K. There does not exist a general continuous curve 
K such that, for every continuous curve M, a continuous (1,1) correspond- 
ence, preserving class, exists between the cyclic elements of M and the 
cyclic elements of some “subcontinuum of the elements of K.” Let M be 
any continuous curve in n-space. Then (1) if no two maximal cyclic curves 
of M have a common point, every two points of M not belonging to the 
same maximal cyclic curve are separated in M by uncountably many 
points of M; (2) a subset C of M is a connected collection of cyclic elements 
of M if and only if for each connected subset H of M, C-H is vacuous or 
connected; and (3) if C is such a collection, and N is any component of 
M-—C, then C-N =one point. 
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29. Professor R. U. Hightower: On the classification of the 
elements of a ring. 

A method is presented in this paper for classifying the elements of an 
abstract ring R._The set C of the classes Co, Ci, - - - forms a ring. C con- 
tains a subring C, whose elements, taken together, form a subring R of 
the ring R. The class Cp is an ideal of R that is in R. The necessary and 
sufficient condition that Cy be the conductor of R relative to R is that C, 
which is the ring of classes of R modulo Co, contain no proper subring C’ 
that is invariant in C. To each ideal in R prime to Co there corresponds 
a regular ideal in R, and conversely. Hence the conditions established by 
Masazo Sono for unique factorization of ideals in R hold for ideals in R. 
Elements are assumed to be abstract. But if R, considered as an infinite 
abelian group with respect to addition, has a finite base, and if R is a 
subgroup of R of finite index, R is a ring defined by an algebraic equation. 


30. Professor N. R. Wilson: On finding ideals. 

This paper is a continuation of a paper in volume 29 of the Transactions 
of this Society, on finding the basis of an algebraic number field. A similar 
canonical basis is set up and operations with ideals so expressed are dis- 
cussed. Congruences for finding the factors of [p], given the field, are then 
developed, illustrated by the cubic. 


31. Professor H. A. Simmons: On a cyclo-symmetric 


diophantine equation. 

In this paper we first show that the cyclo-symmetric equation, (1): 
a is an integer =1, has the solution (x1, x2, - , Xn) =(W1, Wn), 
where w;=1, (¢=1, 2,---, r—1), we=atl1, wi=aw,--- 
(¢=r+1, r+2, n—1), + War 1W nr 42 
+ ++ + * Wn-1). Next we show if n>r, the equation 
obtained from (1) by merely changing its right member to b/a, where 
a, b are relatively prime positive integers, and a=(m-+1)b—1, m being a 
positive integer, has a solution very much like the one written above. 
Then we prove special properties of our solutions which cause us to an- 
ticipate that they contain the maximum numbers x that can appear in 
any solutions of the two equations which we consider. 


32. Professor L. L. Dines: The resultant of two power series 


in two variables. 

The resultant of two homogeneous polynomials f(x,y), g(x,y) is a 
certain rational integral function of their coefficients, whose properties are 
well known. In the present paper the notion of the resultant is extended 
to two formal power series 
where f; and g; are homogeneous polynomials of degree 7 in two variables. 
Many of the properties of the resultant in the algebraic case have ana- 
logues in the transcendental case, and these are developed. There are appli- 
cations in the problem of the analytic implicit functions defined by two 
equations F(x, y, 21, 22, , =0, G(x, y, 21, 22, °° , 2) =0, 
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33. Professor L. L. Dines: Linear integral inequalities of 
the first kind. 


In earlier papers (Transactions of this Society, vol. 30, p. 425, and this 
Bulletin, vol. 33, p. 695) the author has considered the linear integral 
inequality ¢(x)+ Sk(x,s)¢(s)ds >0, and its generalization. The inequality 
SPk(x,s)o(s)ds >0 presents greater difficulty, as is to be expected in view 
of the known theory of integral equations of the first kind. It does not 
possess a relationship to its adjoint integral equation S2o(s)k(s,x)ds =0 
similar to that possessed by the inequality previously studied to its adjoint 
equation. If, however, the inequality symbol > be replaced by the modified 
symbol >’ (meaning “is somewhere greater than and nowhere less than”), 
the resulting inequality of the first kind admits, at least for restricted 
classes of kernels, a relationship to its adjoint equation quite similar to 
that possessed by the inequality previously studied. The theory is ex- 
tended in the sense of general analysis to the inequality Jk¢>’0. 


34. Professor A. H. Copeland: Admissible numbers in 
the theory of geometrical probability. 


Geometrical probability is concerned with a set of related events having 
the power of the continuum. Thus in order to prove the consistency of 
the fundamental assumptions of geometrical probability, it is necessary 
to show the existence of a corresponding set of related admissible numbers. 
Let x(Z) be the probability that a point, P, of an n-dimensional continuum, 
belong to a given set, E, where z(E) is an absolutely additive function. 
Then corresponding to every set E it is required to find an admissible 
number, x(E), belonging to the set A[x(E)]. The events, x(E), are related 
as follows. The function x(E) must be absolutely additive and such that 
x(E;)-x(E2)=0 whenever E;-E,=0. Finally there must exist a funda- 
mental domain, A, such that x(A)=1. It is proved in this paper that the 
above restrictions upon the function x(£) cannot all be satisfied for every 
set E, but that these conditions can be satisfied for a very general type of 
sets E. Thus the fundamental assumptions of geometrical probability are 
consistent provided we apply them to this type of sets E. 


35. Professor A. H. Copeland: Independent event histories. 


The condition that a set of numbers (or event histories) be independent 
is expressed by a certain set of equations which must be satisfied by these 
numbers. Thus, in a sense, independence is the exception and not the 
rule. On this account we might expect that, whereas the set of admissible 
numbers has the power of the continuum, a set of independent numbers 
must be finite or at most denumerable. However, this is not the case. 
It is proved in this paper that there exists a set, E, of independent ad- 
missible numbers such that each of the sets E-A(p), where 0<p<1, has 
the power of the continuum, A(p) being the set of admissible events 
associated with the probability p, and E-A(p) being the logical product 
of the sets E and A(p). From this point of view independence is not 
exceptional. 
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36. Dr. F. W. Perkins: A note on certain continuous non- 
differentiable functions. 


This note contains a discussion of some properties of a class of functions 
of which an example of a special type has already been given by the author 
under the title An elementary example of a continuous non-differentiable 
function (American Mathematical Monthly, vol. 34(1927), pp. 476 ff.). 


37. Professor A. Errera: A theorem about graphs and an 
application to the theory of numbers. 


Certain “incomplete” graphs of the third degree (that is, line graphs 
whose 0-cells are incident with one or three 1-cells) can be factored into a 
graph of first degree (0-cells incident with one 1-cell) and an incomplete 
graph of the second degree (0-cells incident with one or two 1-cells). The 
number of factorizations obeys certain laws, and this method can be used 
to prove a known theorem on Fibonacci numbers 1, 3, 4, 7, 11,---. 


38. Professor E. R. Hedrick: Geometric representations 
of fundamental quantities for non-analytic functions. 


In this paper, the author shows how to represent geometrically the 
values of the usual fundamental quantities E, F, G, and the value of the 
jacobian J, for a non-analytic function of a complex variable. These 
representations lead to geometric proofs of theorems regarding the funda- 
mental quantities, including some whose proofs are ordinarily given other- 
wise, and some which are new. Thus, the well known theorem regarding 
the meaning of the equations E=G, F=0 appears from the geometric 
figures. 


39. Professor D. J. Struik: Correlation and coherency from 
the group standpoint. 


Correlation theory in statistics is essentially a study of a second degree 
matrix under certain rotational or affine transformations. These con- 
ceptions can be generalized to so-called coherency matrices, of which a 
very general type has been shown to be useful in quantum mechanics. 


40. Dr. T. H. Gronwall: On the wave equation of the 
hydrogen atom. 


This note gives a quite elementary derivation of the non-relativistic 
set of energy levels and characteristic functions of the hydrogen atom, 
and it is also proved that the set obtained is complete. 


41. Dr. G. A. Campbell: The practical application of 
the Fourier integral. 


The growing practical importance of transients and other non-periodic 
phenomena makes it desirable to simplify the application of the Fourier 
integral and to extend the range of problems which the practical man can 
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solve in closed form by this method. To this end the known evaluations of 
Fourier integrals should be brought together in a table. A beginning has 
been made in the compilation of such a table, the results being presented, 
however, not as definite integrals but as paired functions, one function 
being the coefficient for the cisoidal oscillation, exp(i2zft), and the other 
function the reciprocally related coefficient for the unit impulse. This 
arrangement simplifies practical applications, since it is the coefficients of 
which immediate use is made. Many pairs of coefficients of great im- 
portance in practical applications exist only as the limits of pairs which 
are regular in the sense of involving only convergent Fourier integrals. 
In the compilation a sharp distinction is drawn between these two types 
of pairs. A natural introduction to pairs seems to be supplied by the 
parabolic cylinder functions and the Gram-Charlier expansion. 


42. Professors H. T. Davis and M. E. Hufford: Note on 
diffraction and the wave theory of light. 


At the April meeting of the Society in Chicago, calculations based on 
the Lommel theory of diffraction through a circular orifice were presented. 
A comparison was made between the calculated and experimental values 
of the radii for a pattern of sixty-six rings. While the mathematical theory 
predicted the broadening and darkening of the outer rings of the plate, and 
theory and experiment were in general agreement, individual radii showed 
as much as 15 per cent error. A re-check of the experiment reveals an error 
in the wave length used in the first plate, and the agreement between experi- 
ment and calculation is now reduced to a negligible per cent. The mathe- 
matical interest is in the asymptotic formulas found for the Lommel func- 
tions. 


43. Professor Marston Morse: Singular points of vector 
fields under general boundary conditions. 


Earlier results of Brouwer, Hopf, Lefschetz, Alexander, Birkhoff, and 
others, in so far as they dealt with vector fields under boundary conditions 
assume that the vectors are either all directed exteriorly or all interiorly 
at the boundary. The author shows how to obtain the index sum of the 
field under the most general boundary conditions. This sum is evaluated 
in terms of the Euler characteristic of the given manifold and of the Euler 
characteristics of certain complexes on the boundary determined by the 
given field of vectors. 


44. Professor H. T. Davis: Integral equations of infinite 
order. 


T. Lalesco has studied the problem presented by the solution of the 
functional equation formed by equating to a known function a linear 
operator in negative powers of z, where z is the differential operator d/dx. 
The present paper shows that the Pincherle-Bourlet generatrix equation 
used in solving functional equations in positive powers of z also holds for 
functional equations in negative powers. This fact is used to derive a 


— 
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general solution of integral equations of infinite order from which certain 
expansions in the Heaviside calculus of electrical circuit theory come as 
special cases. 


45. Professor H. W. Brinkmann: On quadratic fields in 
which every genus of ideals contains but one class. Preliminary 
report. 


This preliminary paper deals with the determination of those quadratic 
imaginary fields which have two genera of ideals, each genus containing 
one class. Such fields are next in order of simplicity to those in which 
there is but one class of ideals and in which, therefore, the usual unique 
factorization theorem holds for integers. Interesting applications to 
elementary number theory appear as special results of the work. 


46. Professors Einar Hille and J. D. Tamarkin: On a 
general problem of summability of Fourier series. Preliminary 
communication. 


This paper deals with two general classes of regular transformations, 
the one introduced by Nérlund and the second discussed first by Hurwitz 
and Silverman and subsequently by Hausdorff. An attempt is made to 
obtain a classification of these transformations according as the Lebesgue- 
Hardy theorem (the summability of the Fourier series of an integrable 
function f(x) to the value f(x) almost everywhere) does or does not hold 
true. 


47. Professor C. C. Camp: Expansions associated with 
partial differential equations and auxiliary conditions on in- 
terior as well as bounding loci. Preliminary communication. 


In 1916, C. E. Wilder presented problems in the theory of ordinary 
differential equations with auxiliary conditions at more than two points. 
The present paper extends this theory to the case of partial differential 
equations in p variables with auxiliary conditions which may be made to 
depend for their solution on p ordinary differential systems each of the 
Wilder type. In addition the author is extending the treatment to partial 
differential equations of the type }-?_:[u/dx;+)a;(x1)u] =0, where none 
of the a;(x;) vanishes. It is believed that the theory is extensible to the 
case in which the a;(x;) actually change sign in the intervals considered. 


48. Dr. A. J. Lotka: A numerical example in integral 
equations. 


The problem of the distribution-in-time of the progeny of a population 
element, which has been treated on a former occasion (this Bulletin, 1927, 
p. 403) by demonstrating the additive property of the Thiele seminvariants 
for successive generations, can also be solved by means of an integral 
equation. A complete numerical solution is given. This presents itself as 


= 
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an aperiodic component with logarithmic decrement, and a series of super- 
posed damped oscillatory components with incommensurable periods. 
The constants appearing in the solution are functions of the Thiele sem- 
invariants of the first generation. Problems of the same general character 
also occur in the computation of the current renewals of manufacturing 
plant, commercial equipment, etc. 


49. Miss Rose Whelan: Approximate solutions of certain 
general types of boundary value problems from the standpoint 
of integral equations. Preliminary communication. 


In this paper, the method of approximating the solutions of a general 
type of boundary value problem in the theory of linear differential and 
integro-differential equations by means of associated difference systems 
is justified. In each case both the boundary value problem and the cor- 
responding difference system are reduced to equivalent Fredholm integral 
equations and the order of difference of the kernels is found. A treatment 
is given of the problem of determining the order of the difference between 
solutions, characteristic numbers, and characteristic solutions of two 
integral equations when the order of difference between kernels is known. 


50. Professor J. I. Hutchinson: Properties of functions 
represented by the Dirichlet series ¥-(av+b)-* or by linear 
combinations of such series. 


In this paper, the function, Z(s) defined by the series > (av+b)-*, is 
studied with reference to its zeros and its behavior in certain parts of the 
complex plane. A formula for the real zeros is given. A critical strip is 
determined for the imaginary zeros, and some clue as to their distribution 
is indicated by particular examples. A complete survey is made of the 
problem of determining linear combinations f(s) of the functions Z(s) for 
different integral values of b, a being a fixed integer, so as to satisfy func- 
tional equations of the type considered by Cahen for a a prime. Various 
theorems are given concerning the imaginary zeros of the functions f(s), 
the number of which is proved to be infinite. The functional equations 
are generalized so as to include the Dirichlet L-functions with imaginary 
characters as special cases. 


51. Professor C. R. Adams: On the linear partial q- 
difference equation of general type. 


The equation studied in this paper is (1): Dates ai;(x,y)f(g'x,r7y) =0, 
in which the a;;(x,y) are known functions of the complex variables x and y, 
analytic at (0,0); g and r are constants, not zero and of moduli 1; and 
f(x,y) is to be determined. Series which formally satisfy (1) are found, 
and direct proof of their convergence is given. In this manner it is shown 
that in general there exists a one-parameter family of sets of solutions of 
the equation (1), each set comprising m solutions analytic in the vicinity 
of (0,0). The situation at (#,), or at (0,©), or at (,0), is entirely 
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parallel if the coefficient functions a;,(x,y) are analytic there. In addition 
to the regular case, in which the roots of the characteristic equation are 
restricted by the usual sort of hypothesis from being multiple, infinite, 
zero, etc., a large class of irregular cases is treated. The non-homogeneous 
equation obtained by adding to the left member of (1) a known function 
b(x,y) analytic at (0,0) is also discussed. The methods employed are 
applicable to equations like (1) in more than two independent variables. 


52. Dr. I. M. Sheffer (National Research Fellow): Ex- 
pansions in generalized Appell polynomials, and related 
questions. 


By generalized Appell polynomials we mean the polynomials {G,(x)} 
defined by e{ Ao(t)+2x*Ai(t)+ --- +x*Ax(t)} =G,(x)e. They make 
their appearance in the study of certain integral equations in the complex 
plane. We study expansions in these polynomials of (a suitable class of) 
analytic functions, and exhibit the relation of these expansions to the 
solutions of the integral equations mentioned. The theory is intimately 
tied up with certain linear differential equations of infinite order. The 
connection between such differential equations and integral equations, 
which is here brought out, is then utilized to solve two other classes of 
equations: (1) partial differential equations of infinite order, with con- 
stant coefficients; (2) “Laurent” differential equations of infinite order, 
with constant coefficients. 


53. Dr. I. M. Sheffer: Systems, finite and infinite in num- 
ber, of linear differential equations of infinite order, with 
constant coefficients. 

The author has given existence theorems governing a finite system of 
linear differential equations of infinite order, with constant coefficients. 
There the method of attack was one of operators, and by means of suitable 
differential operators, the system was first reduced to a single equation 
of infinite order, after which certain solutions of this one equation were 
shown to represent solutions of the original system. In the present paper 
we consider the same system of equations, and the extension to systems 
of infinitely many equations, and show how such systems can be thrown 
into the form of systems of contour integral equations in the complex 
plane. These integral equations are then inverted: we obtain solutions 
which are themselves contour integrals. 


54. Professor R. L. Jeffery: Sequences of functions which 
define a definite integral containing a parameter. 

This paper is concerned with determining conditions on the bounded 
function f(x,y) which insure the uniform convergence of the Riemann sum 
(xi —x4_1) to its limit F(y), when this limit exists independent 
of the choice of £ on (x;_1, xs). Sufficient conditions are obtained for the 
uniformity of this convergence, and these conditions are shown to be 
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both necessary and sufficient for a certain class of functions. The paper 
concludes with a consideration of the analogous problem for a Riemann- 
Stieltjes sum. 


55. Professor R. L. Jeffery: The existence of the Lebesgue- 
Stieltjes integral. 


Adefinition of a Lebesgue-Stieltjes integral of a function f(x) with respect 
to a non-decreasing function ¢(x) has been given by Hildebrandt (this 
Bulletin, vol. 24, pp. 188-190) involving the idea of the measurability 
of a set of points with respect to ¢(x). Making use of a theorem due to 
Carathéodory (Vorlesungen tiber Reelle Funktionen, §153) we set $(x) 
=v(x)+ x(x), where » depends only on the discontinuities of ¢, and where 
x is continuous. It is then shown that the necessary and sufficient condition 
that every measurable set E be measurable with respect to ¢ is that x 
be absolutely continuous. It then follows that if x be absolutely continuous, 
every bounded and measurable function f(x) has a Lebesgue-Stieltjes 
integral with respect to ¢. 


56. Professor D. E. Richmond: A new proof of certain 
relations of Morse in the calculus of variations in the large. 


In a recent paper (Transactions of this Society, April, 1928) on the 
calculus of variations in the large, Morse characterizes the type of an 
extremal arc whose end points are not conjugate, by the number of mutual 
conjugate points within the arc. Among other applications, he establishes 
a set of relations between the numbers M; of extremal arcs of type i, which 
join two given points in an extremal-convex region. The hypotheses include 
the existence of a field of extremals covering the region of operation. The 
present paper derives these relations from Morse’s hypotheses using only 
well known continuity properties of the solutions of differential equations. 
Our methods enable us to state these relations in a somewhat more re- 
strictive form than that given by Morse, and also to gain an insight into 
the relative position of extremal arcs of different type. It should be stated, 
however, that Morse has since announced results without the field hypothe- 
sis and also for the n-dimensional case. Our methods do not appear to apply 
to these more general cases. 


57. Professor H. J. Ettlinger: A countable infinite system 
of linear differential equations with summable coefficients and 
the associated difference system. : 


The system considered in this paper is of the form y(x) =/,” A(#)y(é)dt 
+a, where a is a vector in a countable infinity of dimensions having length, 
and A is a matrix with a countable infinity of rows and columns, each ele- 
ment of which is summable (Lebesgue) on 0<x<1. If y(x) is a vector 
each of whose components is absolutely continuous on (0,1) and such that 
the length of y, ly], exists, and [Ay| and | yA] are each not greater than 
¢(x)|y|, where ¢(x) is positive and summable on (0,1), then the given 
system has a unique solution. The associated difference system is defined 
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and solved, and it is shown that the limit of the solution of the difference 
system is the solution of the system above. The inequality |/7 y(¢)d¢| 
</¢ y| (¢) | dt is established, and used to show that the method of successive 
approximations is available in both the algebraic and the differential 
systems. 


58. Mr. E. Feenberg: A countable infinity of ordinary 
differential equations in abstract space. 


A class of scalar functions H of vectors w, in a countable number of 
dimensions, including the length function, is defined by the following 
properties of H(w): H(w)20, H(0)=0, H(w:—w2) <H(w:)+H(e2), and 
H(0, 0,--- , w;, 0, 0)=H(0, 0,---, wi,---,0,0)=AH(w;) when w;=;. 
In the preceding paper, Professor Ettlinger has given an existence theo- 
rem for a linear differential system and an associated difference system 
in a countable number of variables where the coefficients are summable. 
The present paper extends the theorem to the following non-linear 
system: y(x) = /7f(t, y)dt+a, where a is a constant sector in a countable 
number of dimensions, y and f are vectors in a countable number of dimen- 
sions, and H(a) exists, where H(w) is a particular function of the class de- 
fined above and on 0 Sx; Sx. 51, we have the following inequalities: 

(1) < 

(2) f(t,1) —f(t,») < (wi — wn) dt; 

(3) — f;(t,«2) |dt) ()H(wi— 
where ¢(x) and (x) are positive and summable on (0, 1). 


59. Mr. H. V. Craig: On the reduction of the Euler equations 
in the calculus of variations to normal form. 

J. H. Taylor has given two methods of solving the Euler equations 
associated with SP F(x,X)dt for the highest derivatives. The present paper 


modifies these methods so as to apply to the problem containing derivatives 
of any order. 


60. Professor A. D. Michal: The group manifold of finite 
continuous point and functional transformation groups. 


The differential geometry of the manifold of the r parameters of an 
r-parameter continuous group of transformations in m variables x', x?,---, 
x" has recently been studied by Cartan with the aid of ingenious geometric 
methods peculiar to his way of looking at an affinely connected manifold. 
From the analytic and invariant-theoretic standpoint, however, Cartan’s 
geometric methods are by no means the last word on the subject. Further- 
more, the proofs of many of his theorems bring into play the variables 
x!,+-+-+,2" In the present paper some of the essential results of Cartan’s 
theory are developed analytically in such a way as to make the theory 
applicable to finite continuous groups of functional transformations in 
function space as well as to point transformations in m dimensions. Various 
fundamental tensor invariants of the group manifold are, for the first time, 
exhibited in an arbitrary coordinate system. 


= 
= 
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61. Professor J. M. Thomas: Incomplete systems of partial 
differential equations. 


The theory of a system of total differential equations which is com- 
pletely integrable is known to correspond exactly to the theory of a jacobian 
system of linear homogeneous partial differential equations, but the usual 
treatment of the incompletely integrable case for the two types of systems 
does not preserve this correspondence. The present paper gives a treatment 
displaying the equivalence of the two sorts of systems in the incompletely 
integrable case. 


62. Professor J. M. Thomas: Riquier’s existence theorems. 


This paper contains an exposition of the principal results obtained by 
Riquier in his researches on systems of partial differential equations. It 
has been offered to the Annals of Mathematics. 


63. Professor J. L. Walsh: Note on the expansion of 
analytic functions in series of polynomials and in series of other 
analytic functions. 


This note continues the study contained in several papers by the author 
in the Transactions of this Society. The present note gives particular 
attention to expansions in terms of polynomials associated with an arbitrary 
Jordan region. 


64. Professor J. L. Walsh: On the degree of approximation 
to an analytic function by means of rational functions. 


Let C be an arbitrary rectifiable Jordan curve in the z-plane, and let 
the function f(z) be defined on C. A necessary and sufficient condition that 
f(z) should be regular-analytic on C is that there should exist rational 
functions r,(z) of degree 2n, n=0, 1,---, with no poles or limit points 
of poles on C, such that we have | f(z) —7,(z)| S M/R*, R>1, for all z on C. 


65. Mr. Nat Edmonson: Poisson’s integral and pluri- 
segments on the hypersphere. 


In a recent paper (American Journal, vol. 49, p. 153) Evans and Bray 
obtained necessary and sufficient conditions for the existence on the sur 
face of the unit sphere S of a bounded additive function F(s) of segments, 
such that u(M), a function harmonic in the interior of S, is given by the 
Stieltjes integral u(M) (MP?)}dF(Sp). The present 
paper extends their results to the hypersphere, in n-dimensional space, 
defined by the parametric evuations x;=cos 6;, x2=sin 0; cos O2,---. 
Xn-1=Sin Sin COS On-1, Xn=Sin 6 sin On-2 sin The 
essential feature is the definition of a system of polar caps and proper 
segments on S in such a way that an orthogonal system is obtained; the 
results of Evans and Bray are then readily generalized to n dimensions. 
The condition (a) of the main theorem of the present paper is eliminated 
by a method of sequence extraction which is based on the fact that the 
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function F(r;,s) ={su(M)dM is of uniformly limited variation; Evans and 
Bray applied the theory of convergence in the mean to accomplish this 
end. In other papers now being prepared, the limit approached by u(M) 
as the point M approaches the boundary of the hypersphere, and functions 
of configurations analogous to regular curves on the three-dimensional 
sphere are being studied. 


66. Dr. P. W. Ketchum: Analytic functions of hyper- 
complex variables. 


All analytic functions of a hypervariable are monogenic only in case 
the hypervariable is both associative and commutative. For such hyper- 
variables, all analytic functions are monogenic, and, conversely, all mono- 
genic functions are analytic. Furthermore, the analogues of the two Cauchy 
integral theorems, Morera’s theorem, Taylor’s and Laurent’s expansions, 
Mittag-Leffler’s theorem, and Weierstrass’s factor theorem hold for 
analytic functions. In this paper, a restricted variable is defined as one 
whose analytic functions range over a larger class of hypernumbers than 
the variable itself. The conditions under which all analytic functions of a 
restricted hypervariable satisfy given differential equations are studied. 
In particular, variables are obtained all of whose analytic functions satisfy 
Laplace’s equation. The functions of two such harmonic hypervariables 
are studied in considerable detail. The totality of harmonic functions cannot 
be obtained from a single hypervariable. 


67. Dr. P. W. Ketchum: A complete solution of Laplace’s 
equation by an infinite hypervariable. 


In this paper, a study is made of the restricted hypervariable w=xeo 
+yei+ze_1, where éo, ¢:1, and e_; are three of an infinite set of units defined 
by the relations ¢,=7" cos ma, e_,=i" sin ma, where cos ma and sin na 
are to be regarded as hypernumbers and not as a collection of function 
values. Every analytic function of w is monogenic, and conversely every 
monogenic function of w is analytic. The line and surface integrals of 
analytic functions vanish over closed lines and surfaces, respectively, 
provided they include no singularities. Every analytic function of w 
satisfies Laplace’s equation. With every analytic solution, fo(x,y,z), of 
Laplace’s equation there can be associated an infinite set of functions f; 
such that )- fiex is an analytic function of w. The real part of a power 
series in w is equivalent to an expansion in solid spherical harmonics. 


68. Professor H. A. Simmons: On the ratio of an arc to its 
chord. 


In this paper it is shown that if y=f(x) represents an arc with a con- 
tinuously turning tangent, and if f(x), f’(x) come under one of the cases 
(i), (ii), (iii), (iv) below, then lim,...(s/c) =1, s standing for length of arc 
and c standing for length of corresponding chord: (i) lim,..f(x)=~, 
lim, ..f'(x) = ©; (ii) limz.ef(x) = ©, limz.ef’(x) = ©; (iii) limz..f(x)= ©, 
lim,..f'(x) =const.; (iv) lim xz..f(x)=const., limz..f’(x) =0. 


= 
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69. Professor R. E. Langer: On the simultaneous expansion 
of arbitrary functions. 


This paper is devoted to a discussion of the ordinary differential system 
+ pi(x,p)u'+ po(x,p)u =0, aii(o)u’(a) +ai2(p)u(a) +ai4(0)u(b) 
=0, i=1, 2, the coefficients p;(x,p) being polynomials of degree i in p and 
the a;j;(e) also being polynomials. The existing theory for this system 
asserts the expansibility of an “arbitrary” function in a series of character- 
istic solutions. It is here shown how two arbitrary functions f,(x), fe(x) 
may be expanded simultaneously with one determination of coefficients. 
Of these expansions that for f,(x) corresponds roughly to the expansion 
previously known, and the discussion of its convergence follows on familiar 
lines. The associated expansion for f2(x) on the other hand is shown to be 
convergent to the value f2(x) for an arbitrary choice of the functions f;(x), 
f(x), only provided the boundary conditions are peculiarly related to the 
differential equation. For general boundary conditions of the type above 
it is shown that the expansion is summable to the value f2(x) by a specified 
type of Riesz typical means. 


70. Professor R. E. Langer: The boundary problem asso- 
ciated with a differential system rational in the parameter. 


The asvmptotic forms for the solutions of the differential equation 
u’’ +1;(x,p)u’+12(x,0)u=0 are known provided the coefficients are of the 
form r;(x,p) =). rij(x)p~’, and certain other hypotheses are met. The 
boundary problem associated with this equation and the conditions 
ai, (a) u(b) =0, 2, the ai;(p) being poly- 
nomials, has, however, been discussed only for the cases in which the 
ri(x,p) are polynomials of degree 7 in p. This paper considers the case in 
which these cofficients are rational of the form ri(x,p)= >. --ari(x)p~. 
It is shown that there exists then a double set of characteristic values 
clustering both at p= ~ and at p=0, and the simultaneous expansions for 
a double set (four.in number) of arbitrary functions with one determination 
of coefficients is obtained. These expansions are shown to be equicon- 
vergent in pairs with related expansions obtained from associated differen- 
tial systems which are polynomial in p. 

ARNOLD DRESDEN, 
Associate Secretary 


= 
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SCHMIDT’S ORTHOGONAL ENNUPLE AND THE 
FRENET FORMULAS FOR A CURVE 


BY A. J. MC CONNELL 


This note deals with §32 (pp. 103-107) of Eisenhart’s 
Riemannian Geomeiry. 

The object of the above section is to define an orthogonal 
ennuple from a given set of m linearly independent vectors 
and hence to deduce the Frenet formulas of a curve in a 
space of m dimensions. One criticism of Eisenhart’s ennuple 
is that when the original set of vectors forms an orthogonal 
ennuple the defined ennuple does not reduce to it, and in 
this note I have modified the definition so that this dis- 
advantage is removed. Also, to obtain equations (32.18) in 
his book, Eisenhart has assumed that b,_1 = (b2-1)””, and this 
is incorrect if we understand that the positive root has 
been taken. 

Being given a set of m linearly independent vectors, 


(1) (a = 1,2,3,---, #), 


in a Riemannian manifold of n dimensions, our object is to 
define from these vectors a set of m orthogonal unit vectors, 


(2) (a = 1,2,3,--- 
Building up the ennuple in the usual manner,* we arrive at 
the formulas 


a=1 


The quantities €, determine the orientation of the ennuple in 
space. Eisenhart takes all the e’s equal to +1. I propose 
to choose them so that when (1) is an orthogonal ennuple 
the set (2) may reduce to it. We easily find that we must 


* See Kowalewski, Determinantentheorie, pp. 423-426. 
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put €,=¢,, where e, has its usual meaning. Our orthogonal 
ennuple is therefore given by 


Pp 
(4) = | (p = 1,2,--- , 
a=1 
The Frenet formulas, as deduced from Eisenhart’s form of the 
ennuple, are given by equations (32.16) and (32.18) of the 
above section. In the formulas (32.18) for the curvatures, 
Eisenhart errs in absorbing under a square root sign which 
calls always for the positive value a quantity which may be 
negative. The equations should read 


1 
(5) ep( | bp-1bp41/b,? | 
Pp 
In order to obtain the principal normals resulting from the 
ennuple (4), we need only substitute e,d;) for dj, in (32.16) 
which will then read 
(6) = — (9 = 2,---, #— 1). 
ds Pp Pp-1 
It may be preferable sometimes to have all the curvatures 
positive, as they obviously are in the above equations for a 
positive definite line-element. Thus, putting 1/p,=e,kp, 
k,>0, we have the Frenet formulas in the final form 
(7) ym = — 
(p= 2,---,#—1). 
These are the normals and curvatures defined by Synge.* 


Of course, in the case of a positive definite line-element, the 
two sets of normals coincide. 


Trintty CoLLeGe, DuBLIN 


* Synge, Normals and curvatures of a curve in a Riemannian manifold, 
Proceedings of the International Mathematical Congress, Toronto, 1924. 
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ON THE LOCI OF THE LINES INCIDENT WITH 
k (r—2)-SPACES IN S, 


BY B. C. WONG 


The problem of the determination of the number N, of 
lines that meet 27—2 given (r—2)-spaces in S, has been 
solved.* Schubert’s symbolic or enumerative method is 
powerful for the solution of problems of this kind and 
has indeed been the one used, but it does not offer any 
insight into the nature of the geometry involved. It is the 
purpose of this paper to re-determine the number N, and 
also to obtain the loci of the **-*-# lines incident with k 
given (r—2)-spaces in S,, where r<k <2r—2. 

For our purpose we make use of the known theorem:f 
The locus of the ©*-* lines incident with r general (r—2)- 
spaces in S, is a hypersurface V7—}. 

Now consider r of the given (r—2)-spaces, say S‘,, [i=1, 
2,---,r]. They yield a Vi=} whose generators are in- 
cident with them. Any of the remaining k—r given (r—2)- 
spaces, say 5S”, meets V7=! in a Vi=}. Any hyperplane 
S/_, through S°+” meets S®, in r (r—3)-spaces. The 
co *-4 lines that meet these r (r—3)-spaces are in S/_, and 
hence meet S’+”, and they form a V“:, whose order M; 
is to be determined later. Hence the 7 lines incident 
with r+1 (r—2)-spaces in S, form a V“:}™*' (writing M, 
for r—1), for it is met by S/_,in a = 

Now the (r+2)th (r—2)-space, meets in 
a A hyperplane S/_, through intersects the 
other r+1 (r—2)-spaces in r+1 (r—3)-spaces and the 7” 
lines incident with the latter form a V™*;. Hence the 


* See C. Segre, Mehrdimensionale Réume, Encyklopidie der Mathe~ 
matischen Wissenschaften, vol. III: 2, pp. 813, 814 where full references 
are given. 

¢ This Bulletin, vol. 32, No. 5, pp. 553-554. 
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co lines incident with r+2 (r—2)-spaces in S, form a 
for it is met by in a 
+ 

Continuing this process of reasoning we soon come to S“?,, 
the kth or the last of the given (r—2)-spaces, and find 
that the »?”-*-? lines meeting k (r—2)-spaces in S, form a 
VEtM+---+M"™ for it is intersected by a hyperplane 
S,. through S®, in a composed of a 
in S“, and the latter is the locus of the 2 ?”-*- lines incident 
with the k—1 (r—3)-spaces in which S,; meets the other 
k—1 (r—2)-spaces supposed to have already been considered. 

If k=2r—3, the «! lines incident with 27—3 (r—2)- 
spaces form a VX" where 


r—3 
(1) N, = OM. 
j=0 


Since a general (r—2)-space can have only N, points in 
common with V", the required number of lines meeting 
2r—2 given (r—2)-spaces is N, given by (1). 

Now to determine the values of M‘”. Replacing r by 
r+1 in (1), we have 


j=0 r+l1 

where 

(i) 
(2) 

h=0 
Then, from (1) and (2), 
(3) 
r+1 r+ 


Decreasing r by unity in (2) and writing out the resulting 
equalities for all values of 7 from zero to r—3, we obtain, 
without difficulty, remembering M,=r—1, 


r—2 Gi) 
Ni.) = M 
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gn 


and also 
(r+ f(r — — 1) 
+ 1)! 


Putting =r —2 or r—3, we have, from (3), 


(5) M 


ri (2r — 2)! 


— 1)! 


the required formula for N, in terms of r. 

The locus of the «*7-*-? lines that meet & given (r—2)- 
spaces has been obtained and its order is )-,_-, M™ and, on 
account of (2) and (5), this is equal to 


(k—r) k\(2r —k—- 1) 


— — 1)! 


Attention is called to the fact that a general (r—2)-space 
meets this locus in a V2,_,-3 of the same order but there are 
exactly k, that is, the given, (r—2)-spaces each of which 
meets it in a V2,_,_-2 of order 


k—r—-1 
(h) (R — 1) — R) 
r'\(k — r)! 


h 


A hyperplane through one of these k (r—2)-spaces meets 
the locus again in a V2,_;_2 of order 

(k—r) (4. — 2) 

It is to be noted that these formulas do not hold for k=r; 
for, if k=r, M,=r—1, M,yi=r. 


THE UNIVERSITY OF CALIFORNIA 


M 
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NOTE ON THE PLUCKER EQUATIONS FOR PLANE 
ALGEBRAIC CURVES IN THE GALOIS FIELDS 


BY A. D. CAMPBELL 


In this note we shall consider the Pliicker* equations for 
plane algebraic curves and find out in how far they are valid 
in the Galois fields of order p*. We designate these fields 
by GF(p"). Let us consider the -ic 

f(x,¥,z) = az" + (box + 

+ (cox? + cixy + Coy?)2™? 
+ (dox® + dix*y + dexy? + + --- 
+ (lox® +-+-+hy") = 0, 
the first polart of (0, 0, 1) with respect to (1), 
(2) maz™-! + (m — 1)(box + 
+ (nm — 2)(cox? + + 4+ --- =0, 


and the polar conic of (0, 0, 1) with respect to (1), 


(1) 


n(n — 1) 
- az? (nm — 1)(box + biy)z + (cox?+ coy”) = 0. 


In the derivation of the Pliicker equations given by Hiltonf, 
use is made of the number of intersections of the m-ic and its 
first polar and of the m-ic and its Hessian, also the polar 
reciprocal of the n-ic with respect to a given conic is utilized. 
If n=ap’+1 the polar conic (3) passes through (0, 0, 1) and 
is degenerate, but (0, 0, 1) can be any point P, hence for 
these GF(p") we cannot use the Hessian in the derivation 
of any of Pliicker’s equations. Also in the GF(2") the polars 
of all the points in the plane with respect to any given conic 


* See Hilton, Plane Algebraic Curves, p. 112. 

t See A. D. Campbell, The polar curves of plane algebraic curves in the 
Galois fields, this Bulletin, vol. 34 (1928), pp. 361-363. 

t Loc. cit., pp. 97, 100, 63, 34, 66. 
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are concurrent (as is easy to prove), hence in these fields we 
cannot use the polar reciprocal of the n-ic with respect to a 
conic. 

We get around these difficulties in the following manner. 
Hilton shows* that if we can establish the three following 
equations, the others follow from these three: 


(4) m = n(n — 1) — 26 — 3x, 


(5) n = m(m — 1) — 27 — 3, 
(6) gn(n + 3) — 6 — 2x = 4m(m + 3) — 7 — 2, 


where 1 is the order of the curve under consideration, m is 
its class, 6 the number of nodes on the curve, x the number 
of cusps, 7 the number of bitangents, « the number of in- 
flections. Just as in Hilton pp. 96 and 97f so here we can 
readily see that (2) cuts (1) once at the point of contact of 
each tangent from (0, 0, 1) to the given curve, twice at each 
node and thrice at each cusp of the given curve. Also the 
curves (1) and (2) ordinarily intersect in m(m—1) points, 
hence equation (4) is in general valid in the GF(p"). In 
some cases (1) and (2) do not intersect in n(n—1) points, 
namely when (2) is composite with a repeated factor. Such 
a case occurs for p=2, n=3, and (1) lacking an xyz term. 
The equations (5) and (6) are established in Hilton by 
taking the polar reciprocal of the ”-ic with respect to a conic 
and by the use of Sylvester’s dialytic method.{ The fact is 
used (p. 63) that from a point on the tangent ¢ at a cusp P 
only one tangent to the ”-ic coincides with ¢, while at P three 
tangents coincide with ¢. This fact is necessary in order to 
show that the polar reciprocal of a cusp is a point of inflec- 
tion. The proof of this fact that is given in Hilton (pp. 84, 
86) is not applicable to the GF(p”), so we substitute the fol- 
lowing proof. If we take P as (0, 0, 1) with y=0 as tangent, 


* Loc: cit., p. 112. 
{ Using the eliminant as in Hilton, pp. 10, 11. 
t Loc. cit., pp. 97, 63, 66. 
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then in (1) =cy =0 and c2¥0, hence the curve* 
and the first polar of Phave in common only n(n—1)—2-2—2 
points beside P, whereas for P’ an ordinary point the curve 
and the first polar of P’ have in common n(n-—1)—3 points 
beside the cusp P. From this follows the above fact. In 
the GF(p") for p>2 we can take the polar reciprocal of an 
n-ic with respect to a conic. -Also we do not need to use the 
Hessian because (5) and (6) are proved in Hilton by means 
of the polar reciprocal of the u-ic;f and from (5) and (6) we 
can obtain what Hilton obtains from the intersections of the 
n-ic and its Hessian, namely the equation{ 


(7) t= 3n(n — 2) — 65 — 8k. 


Therefore the Pliicker equations are valid in the GF(p") for 
p>2. In the GF(2") we cannot use a polar reciprocal of the 
n-ic; we can, however, use plane duality§ in these GF(2") to 
replace the use of the polar reciprocal in proving (5) and 
(6). Therefore also in the GF(2") the Pliicker equations are 
still valid. 


SyRACUSE UNIVERSITY 


* Hilton, loc. cit., p. 11. 

t Loc. cit., pp. 33, 66. 

t Loc. cit., pp. 100, 101. 

§ See Veblen and Young, Projective Geometry, vol. 1, p. 201. 
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REMARK ON A THEOREM OF OSGOOD CONCERN- 
ING CONVERGENT SERIES OF 
ANALYTIC FUNCTIONS 


BY C. CARATHEODORY 
(UNIVERSITY OF MUNICH) 


1. Introduction. One of the most fundamental properties 
of analytic functions, that a sequence of such functions which 
converges in a region R must converge uniformly in at least 
one subregion R,; of R, was discovered by Osgood* as early 
as 1901. It seems, however, that it has not yet been re- 
marked that the theorem of Osgood holds also for mero- 
morphic functions if, as is usual now, one extends the 
definition of uniform convergence in the neighborhood of a 
point so as to include functions having poles. 


2. Regular Convergence. Although the principal object 
of the present note is to prove the theorem we have just 
stated, it is perhaps worth while to point out that all the 
theorems used in connection with the uniform convergence of 
analytic functions can be proved more easily if one replaces 
the concept of uniform convergence by another differing only 
slightly from it. We shall say that a sequence of functions 
f,(z), meromorphic on a closed region A, is regularly convergent 
at a point 2 of A, if for every sequence of points 2, 22,°--, 
belonging to A, and converging towards 2, the (finite or 
infinite) limit 

lim fn(Zn) 


exists}. We note that if this limit (which is obviously 


* W. F. Osgood, Note on the functions defined by infinite series whos 
terms are analytic functions, Annals of Mathematics, (2), vol. 3 (1901); 
pp. 25-34. 

¢ Although this very concept has been already used by Hans Hahn 
for the general theory of real functions under the very pregnant name of 
“Stetige Konvergenz” [H. Hahn, Theorie der reellen Funktionen, Berlin, 


| 
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independent of the chosen sequence) is finite at every point 
of a closed and bounded subset B of A, and if the functions 
f(z) converge regularly at every point of B, they must also 
converge uniformly on this set. 

Moreover, it is readily seen that all the extensions of the 
concept of uniform convergence that have been made are 
included in the above definition.* 


3. Extension of Osgood’s Theorem. We consider now a 
sequence of meromorphic functions f,(z) which converges 
towards a function f(z) at every (interior) point of the region 
R. It is well known that if there exists a subregion S of 
R and two positive numbers M and WN such that for n>JN, 
one has |f,(z)| <M at every point of S, the sequence f,(z) 
converges regularly in S. 

Accordingly, it follows that the theorem of Osgood holds 
also for meromorphic functions, provided that the limiting 
function f(z) is finite at every point of R. For if this were not 


the case one could find regions S;, So, - - - , with the property 
that R contains S; and S; contains S;4;, and an increasing 
sequence of indices 1;<m2< ---, such that |f,,(z)| >& for 


all z in S;. The regions S; contain at least one point 2 
common to all of them. At this point the limit function can- 
not be finite, and we thus read a contradiction to our 
hypothesis. 


4. Singularities Everywhere Dense. We conclude from this 
that if the theorem of Osgood is not true, the points at which 
the limit function f(z) is infinite must form a set everywhere 
dense in R. 

Moreover, since we can apply the same reasoning to the 
sequence of meromorphic functions 1/{f,(z)—a I, which 


J. Springer, 1921, p. 238], I take the liberty to speak here of “regular”, 
instead of “continuous”, convergence, because in doing this the points which 
for a long time have been called “irregular” coincide with those at which 
the convergence is not regular in the above sense. 

* See my paper, Stetige Konvergenz und normale Familien, which is to 
appear soon in the Mathematische Annalen. 
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converges in R towards the function 
1 
SS 
f(z) 
we see that for every finite number a the roots of the equation 


f(z) —a=0 must form a set that is everywhere dense in R. 


5. Reductio ad Absurdum. We consider now the continu- 
ous and bounded set of real functions ¢,(x,y), where 
z=x-+1y, and 


1 at the points of R 


for which R[fn(z)] > 1, 
— 1 at the points of R 
for which R[fn(z)] < 1, 


R[f,(z) | at the points of R 
for which —1 S R[f,(z)] < 1, 


R[f,(z) ] designating the real part of f,(z). 

If the theorem of Osgood does not hold for our functions 
fn(z), the functions ¢,(x, y) have the following properties: 

(a) the limit, 

lim = $(2,y) 

exists everywhere in R; 

(b) for every real number a such that |a| <1, the roots 
of the equation $(x, y) -a=0 are everywhere dense in R. 

As these properties are in contradiction with the well 
known theorem of Baire,* that the limit of a sequence of 
bounded continuous functions cannot be totally discontinu- 
ous, the result we have stated must be true. 


6. Questions of Connectivity. If a sequence of functions 
f.(z), meromorphic in R, converges everywhere in that re- 
gion, the points E of R at which the sequence converges 


*See Carathéodory, Vorlesungen iber reelle Funktionen, Leipzig, Teub- 
ner, 1927, §176. 


= 
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regularly must accordingly be everywhere dense in R. 
Moreover, E contains a denumerable set of subregions 
R,, Re, - - - , in which the limit function f(z) is meromorphic 
or equal to the infinite constant, and the interior points of 
R; form also a set that is dense in R. 

If the functions f,(z) have no poles in R, the regions R; 
must be simply connected and, as F. Hartogs and A. 
Rosenthal* have proved in a very remarkable paper, must 
fulfill certain other conditions less easy to state. Nothing of 
this kind happens 1n our case. 

Consider for instance a finite or denumerable set of regions 
R,, Re, -- -, whose connectivity may be infinite. Suppose 
that no two of these regions overlap, and that every point of 
the z plane is either an interior point or a boundary point 
of some R; or that it is a limiting point of such points. As- 
sume, moreover, for simplicity that the boundary points of 
all the R; form with their limit points a bounded and closed 
set S. 

Let f:, f,--- be a denumerable sequence of points on 
S such that every point of S is a limiting point of this 
sequence; the ¢; thus must not only be everywhere dense on 
S, but an infinite number of them must cover every isolated 
point of S. 

Designate by y, the set of points which are at a distance 
1/n from S. Let z, be a point of y, such that there is no 
point of y, nearer to ¢, than z,. Then the distance 
|z,—z;| >1/[n(n+1)], 74m, and the distance from 2z, to S is 
likewise >1/(n(n+1)). Furthermore, every point ¢ of S is 
a limiting point of the set 2, z2,---. It follows that the 
various circles kn 


1 
2n(n + 1)’ 


Kn: ls—2,|< 


have no points in common, and contain no points of S. 


* F. Hartogs and A. Rosenthal, Uber Folgen analytischer Funktionen, 
Mathematische Annalen, vol. 100 (1928), pp. 212-263. 


| 
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7. Approach by Rational Functions to Zero. We consider 
now the functions 


1 1 
n? 4n(n + — zn) — 1” 


= (w= 1,2, -+-). 


We note that for all z exterior to the circle &,, 
1 
n 


With every number » we can associate an integer p, such 
that no point ¢ of S is at a distance from the set of points 
Zny °° * Zp, greater than 1/n. 

The sequence of rational functions 


k=Pp, 


fuls) = 
k=n 
then converges identically towards zero in the whole plane. 
This convergence is regular at every interior point of each 
Ri, but the convergence is irregular at every point ¢ of S, 
because every such point is a limiting point of poles of the 


f(z). 


8. Approach by Rational Functions to Meromorphic Func- 
tions. It is possible to choose the rational functions f,(z) 
such that they converge on R,; to an arbitrary function 
¢:(z), meromorphic in R;, and converge on S to any function 
¢(z) which may be represented as the limit of a sequence 
of rational functions. The proof of this fact can be based 
upon the proposition that any function which is meromor- 
phic in a region D, bounded by regular curves and of finite 
connectivity, can be represented by a definite integral taken 
over the boundary of D, the integral vanishing identically 
outside of D. By approximating these integrals with finite 
sums of rational functions, and applying a method analogous 
to that of §7, we can prove the theorem stated above 
without great difficulty. 


THE UNIVERSITY OF CALIFORNIA 
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THE NORM OF A SPACE CONFIGURATION 
BY L. M. BLUMENTHAL 


1. Introduction. In a recent paper,* the writer has shown 
that attached to an ordered set of 2” points in a plane there 
is the lineo-linear invariant 


n 1 n—1 
2(N + iA) = — = (-) — 
k=1 NS imi 
where x; (k=1, 2,--- , 2m) are points in the complex plane, 
Z, denotes the conjugate of x;, € is a primitive mth root of 
unity, A is the area of the ordered 2-gon, and the norm N 
is defined by 


- 2 2 2 2 


with 6;;=|x;—x,;|. The Lagrange resolvents{ 


n—1 n—1 


= Diet a; = Dei 
k=0 k=0 


are absolute invariants under translations y;=x;+0, while 
the combinations v,#; are likewise invariant under rotations 
y =tx;, where ¢ is a complex number with unit modulus. 

This paper extends the preceding results to S3, the theo- 
rems that are obtained holding, mutatis mutandis, for S,. 
Denoting the 2” points by X,(i=1, 2,---, 2m) and calling 
the two sets Xo:;, Xei-1 ({=1, 2,---, m) the component 
n-points of the whole set, it is shown that the norm of the 
2n-point is expressible in terms of the Lagrange resolvents 
of its vertices and is consequently absolutely invariant under 
a translation of either of its component n-points. 


* Lagrange resolvents in eucilidean geometry, American Journal of Mathe- 
matics, vol. 49 (1927). pp. 511-522. 
t Pascal, E., Repertorium, 2d. ed., vol. 1, p. 307. 


= 
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The vanishing of the norms of the space 6-point and 8- 
point leads to two interesting theorems. The theorem for the 
latter case is seen to be the space analog of the orthologic 
triangle relation of Steiner. 


2. Norm of Space 2n-Point. To express the norm of 2n 
ordered points X;=(x;i, 2:), (t=1, 2,---, 2”), in terms of 
Lagrange resolvents, we consider first the case of the 6- 
point. The resolvents are 


= x5, u(x) = + wry + 
v(x) = + + wx5, a(x) = + + wre, 
with two additional sets in y and z. If we adjoin to these sets 
Vo(x) = t+ a3 +45, = xo + + 


with the accompanying forms in the other letters, we can 
readily solve for the coordinates in terms of v; and u; and 
hence show that the invariants v;, u;, (¢=1, 2), form a com- 
plete system.* 

From the definition of N we have 


3 3 

2N = do — = >» — 
k=1 k=1 

where the summation extends over x, y, z and subscripts are 

to be reduced mod 6, with x»>=xs. Substitution in the above 

expression yields, after some reductions, 


2N = DI o1(x) — | 


which expresses the norm of the 6-point in terms of the 
Lagrange resolvents of the vertices. We have, then, the 
following theorem. 


THEOREM 1. The norm of a space 6-point is absolutely in- 
variant under a translation of either of its component 3-points. 


* The expressions v9, uo are, of course, not invariants and will drop out 
of any invariant relation. 
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The method illustrated above is applied to the 2-point; 
the result being set down without further details as 


n—1 
2N = (1/n) dy — . 
i=1 
THEOREM 2. The norm of a space 2n-point is absolutely 
invariant under translation of either of its component n-points. 


3. Vanishing of the Norm. In the plane it is seen that the 
complex number 2(N+iA) is determined by an ordered set 
of 2m points. Viewed in a somewhat different light, the ex- 
pression may be regarded as a simultaneous invariant of the 
two component sets of m points. It is easily shown that for 
a plane 6-point, the vanishing of the norm of the figure is a 
sufficient condition that lines from the vertices of one com- 
ponent 3-point perpendicular to corresponding joins of the 
other 3-point meet in a point.* 

For the space 6-point we consider the three planes through 
the points X2; perpendicular to the joins of Xa1Xei41 
(¢=1, 2, 3). The equations of the planes are 


Di(xs — — x2) = 0, — — x4) = 0, 
— — a6) = 0. 
The determinant of the coefficients is evidently zero. Also 


xs — 1), Ny, 2— 2 


¥s — ¥3, 25 23 
xs), ¥s— 2 —2%3|=—2N 


Vi— V5, 21 — 25 
a1 —%), 25) 


|4%5 — %3, 25 — 23 


= 2N | 


— Yo— Ys 


K3;=—2N 


— 21 — 25 %1— Yi— 


Hence the vanishing of the norm will make the expressions 


* Triangles so related were called by Steiner “orthologique.” He showed 
the relation to be reciprocal, but does not seem to have considered criteria 
for the existence of the relation. 
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K;, (¢=1, 2, 3), zero, and the three planes will be coaxia .* 
Hence we have the following theorem. 


THEOREM 3. If the norm of an ordered space 6-point vanish, 
planes through the vertices of one component 3-point perpendi- 
cular to the corresponding joins of the other are coaxial. 


Considering the case of the space 8-point we have the 
following theorem. 

THEOREM 4. If the norm of an ordered space 8-point 
vanish, the four planes through the points X2; perpendicular 
to the joins of X2i+Xei41, ((=1, 2, 3, 4), meet in a point. 

The four planes have equations 

— 4x3)(x — x) = 0, — — x) = 0. 


They will meet in a point if and only if the determinant 


%1, Ys— Ni, 21, — — 21) 
— %3, Vs — Va, 25 — 23, — 
ty — — Ys, 27 — 25, — — 4s) 
47, i — Yr, 21 — 27, — — 47) 


vanishes and not all four minors of the elements in the last 
column are zero. (Evidently these minors do not in general 
vanish.) Adding the last three rows to the first we obtain a 
row with three elements zero and the fourth element 


4 
— do — 


k=1 
that is, 
A = — 2N | 2x1 — x5, 


which proves the theorem. 


* The K,’s will be zero also if 
— ¥3, 25 — 2% — %3, — Ya 

The points X;, X3, Xz will then be collinear and the planes will be coaxial 

with the line at infinity as axis. 


= 
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4. Rotation. If a rotation about the Z-axis of angle @ be 
applied to the component m-point (e=1, 2,---, m), 
it is seen that 


2N’(x,y) = cos Do xen Xon+1) 


k=1 


+ sin @- | > You+1) = 
k=1 

where N’(x, y) denotes that part of the transformed norm 

containing only terms in x and y (the terms in 2, of course, 

are unaltered by the rotation). Whence we may write 


N’ = N cos 6 + 2N(z) sin® 6/2 + A sin#, 


where A is the area obtained by projecting the original 2” 
point on the X Y-plane. 

5. Points ona Sphere. If the points X;, (¢=1, 2,--- , 2m), 
be placed upon a sphere, we shall define the norm of the 
ordered 2n-point by 

i=1,3,+++,2n—1 
2N = II cos X;Xi41, 
where the product obtained by allowing the index to assume 
the values 2, 4, 6,---, 2 is to be subtracted from the 
product produced by letting the index take on the values 
1, 3, 5,---, 2n—1, and cos X;X;,; denotes the cosine of 
the arc of the great circle join of X;, X i41. 

Consider the 6-point X;, (¢=1, 2,---, 6), on the sphere 
and through X,2; draw arcs of great circles perpendicular to 
the great circle joins of X2:-1, X2is:. Suppose the arcs meet 
at O. It is readily shown that the norm of the six-point 
vanishes. 


THE Jouns Hopkins UNIVERSITY 
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ON THE POTENTIAL OF CERTAIN SURFACE 
DISTRIBUTIONS 


BY HILLEL PORITSKY* 


The surface distributions that are commonly studied in 
potential theory are those known as single and double layers, 
or as surface distributions of poles and doublets. A. Wangerinf 
first investigated potentials of what he called triple layers 
(dreifach belegte Flachen), that is, potentials of the form 


07|1/r(P 


Here r(P, II) is the distance between a point II of the surface 
S and a point P in space, dS is the element of area of S at II, 
u(r) is a given function along S (the density function), and 
0/0n indicates differentiation along the normal toward a 
specified side of S that might be called its positive side.{ 

He showed that both v and its first derivatives are discon- 
tinuous at S. M. Freund§ studied more complex distributions 
over a spherical surface of the form 


0*11/r(P,0 
(2) = fm 


It is the object of this paper to point out that by means of 
certain integrations by parts these integrals may be replaced, 
in case the surface S is closed, by other surface integrals 


* National Research Fellow in Mathematics. 

¢ A. Wangerin, Uber das Potential dreifach belegter Flichen, Jahresbericht 
der Vereinigung, vol. 29 (1920), p. 174. 

} The considerations that lead to the name triple layers are analogous 
to the ones that suggest the double layer nomenclature: if the derivative 
is replaced by the limit of a proper quotient, v is seen to be the limit of the 
potential of three single layers spread over three nearby surfaces, 

§ M. Freund, Uber das Potential mehrfach —— Flachen, Dissertation, 
Universitat Halle (1922). 


—= 
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that represent the potential of certain single and double 
layers; if, however, the surface S is open, these integrations 
by parts lead to a replacement of the original distributions 
by curve distributions over the boundary of S in addition to 
the above single and double surface layers. Similar conclu- 
sions apply to the more general integrals 


a*[1/r(P, 
3 P fu I 
(3) o(P) = 
where 0/0h;, t=1, 2,---, k, indicate differentiations in 


k specified directions at each point II of S, so that for a 
fixed II the integrand is a spherical harmonic of degree 
—(k+1) in the coordinates of P when the origin is at II. 
From this it would appear that except for features presented 
at the boundary, if any, of S, the surface distributions of 
the above types introduce no new element into potential 
theory. 

This reduction to simpler surface distributions may be 
carried out as follows. Introduce a triply orthogonal family 
of surfaces of which S is one by taking for one family the 
surfaces parallel to S and for the other two the developable 
surfaces consisting of the normals to S through its lines 
of curvature. Let u, v be the parameters along the latter, 
while is the (directed) distance from S; u, v, nm may be used 
as parameters for the above surfaces or as curvilinear coordi- 
nates for points near S. Let the element of distance be given 
by 

ds? = du? + g?dv? + dn? ; 


£1, Z2 are completely determined by their values for n=O. 
Indeed, 


(4) gi(u,v,n) = gi(u,v,0)(1 + n/R(u,v)), (i = 1,2,) 


where Ri, R2 are the radii of curvature along v=const., 
u=const. respectively, measured positively if the correspond- 
ing centers of curvature are on the side of negative n. Using 
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the well known expression for the Laplacian in orthogonal 
coordinates, we get 


£ig2L0u\g, Ou Ov\g2 Ov 
£182 On 


If using (5) we form the equation V?(1/r) =0, where 7 is the 
distance from a fixed point P not on S, we obtain an equation 
solvable for 0?(1/r)/dn? in terms of first and second order 
derivatives of 1/r among which not more than one n-differen- 
tiation occurs. In a similar way, by the use of this equation 
and of the equations that are obtained from it by differenti- 
ating it with respect to m once, twice, ---, (k—2) times, 
one could express 0*(1/r)/dn* in terms of u-, v-derivatives 
of 1/r and of 0(1/r)/dn. Likewise, the spherical harmonic 
0*(1/r)/Oh, - - - Oh; in the integrand of (3) may be expressed 
in terms of such differentiations as follows. Introduce 
rectangular Cartesian coordinates x, y, z and replace 0/0h; 
by cos (xh;)0/dx+cos (yh;)0/dy+cos (zh;)0/dz (the paren- 
theses denote angles between the direction h; and the posi- 
tive x, y, z axes), and transform to u-, v-, n-derivatives by 
means of elementary formulas for change of derivatives 
under a transformation of variables. The m-derivatives of 
second or higher order may now be eliminated from the re- 
sult by the use of the equations obtained from V?(1/r) =0 
(expressed in the form (5)) by differentiating it the requisite 
number of times with respect to 4, v, n. 

Having thus expressed the integrands in (1), (2), (3), we 
may then integrate the resulting integrals by parts enough 
times to make all the u-, v-derivatives of 1/r, 0(1/r)/dn 
disappear from the remaining surface integrals. The resulting 
surface integrals can be collected into the form 


feasnas 
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where a, b are derived from yp by operating on it with certain 
linear differential operators that depend upon the shape of 
S near II but are independent of P. These surface integrals, 
therefore, represent potentials of a single and of a double 
surface layer. If the surface S is open, the integrations by 
parts will also introduce certain integrals over the bounding 
curves that represent potentials of poles, doublets, and more 
complex singularities (in cases (2), (3)) distributed over these 
boundaries. Such curve distributions cannot, in general, be 
reduced to simpler curve distributions.* 

For the case of the triple layers of Wangerin the above 
computations may be simplified by the use of the well 
known Green-Beltrami integration theorems. Returning to 
(5) we recognize in the first brace the second differential 
operator of Beltrami (see W. Blaschke, Vorlesungen iiber 
Differentialgeometrie, vol. 1, p. 116 (121)); we shall denote 
it by B*. Expanding the second brace and using (4) we 
get for the Laplacian 


Vv? = B? + 2H d/dn + 82/dn?, 


where H =(1/2)(1/Ri:+1/R:) is the mean curvature. The 
elimination of 07(1/r)/dn? from the integrand of (1) outlined 
above results in the equation 


= fom [dp(1/r)/an |dS. 


The first integral may now be transformed by the integral 
relation of Beltrami 


(see Blaschke, loc. cit. p. 117 (129); we denote the element 


* It may be pointed out in this connection that the potential of a volume 
distribution of singularities of the type (3) can always, for points outside 
the region of integration, be reduced to a potential of a volume distribution 
of poles only, in addition to surface distributions of the form (3). A familiar 
instance of this is furnished by Poisson’s theory of magnetism. 
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of arc length by dC and the derivative along the outer 
normal to C by 0/0£). We get 


oP) = f BYy(1/r) dS — fom [a(1/r)/an] dS 


Hence, the density of the single layer is — Bu and that of 
the double layer —2Hy. The results of Wangerin for the 
discontinuities in v and its derivatives at the surface S 
readily follow from the known properties of single and double 
layers.* 

Without going through the explicit computation of the 
densities of the equivalent single and double surface layers 
in cases (2), (3), we can tell from the mere existence of 
these layers that for approach of an inner point of S along 
the normal, these potentials approach limits which depend, 
in general, upon the side of approach. This even sheds some 
light on the behavior near S of higher order derivatives (with 
respect to Cartesian variables) of the familiar single and 
double layer potentials, since such derivatives may be 
written in the form (3); such a form may also be given to 
derivatives of any order of the potentials (1), (2), (3). 

We conclude with a simple example that will serve to 
illustrate the behavior of these potentials of distributions 
over open surfaces near the edge of the surface. Consider 
a distribution of the form (3) over an infinite plane strip, 
say y=0, 0<x <a, with the k directions My, - - - , h, constant 
and yu depending only on the distance from the edge. Ex- 
pressing the directional derivatives in terms of derivatives 


* But the converse is in a sense also true. Thus, if S is closed, v is 
uniquely determined if it is harmonic except on S, if it and its derivative 
along the normal approach limits for approach of S from opposite sides 
and if a certain behavior is ascertained at infinity. 

+ The explicit values of the discontinuities for second-order derivatives 
of potentials of single layers have been obtained by Poincaré in his Théorie 
du Potentiel Newtonien, §105, etc. 
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with respect to x, y, 2 and integrating with respect to z 
first, we get for v a sum of terms of the form* 


log r 
f p(x) ———— dx 
0 Ox'dy*—! 


0* log (z — h 
0 dx'dy*! 


where z is the complex quantity x+7y, h is the value of z 
at P and R(a) denotes the real part of a. But by the Cauchy- 
Riemann equations for an analytic function F of a complex 


variable 
OF OF 

Ox 


Hence the integral becomes 
log (z —h 
0 


and, integrating by parts k times, we obtain an integral 
that represents a bounded function of h for |h|<const. 
and integrated terms that yield singularities at h=0, h=a. 
The terms resulting from the lower limit of integration are 
given by R(co log h+e:/h+c2/h?+ - where 
the c; are constants; similar terms result from the upper 


limit. 


HARVARD UNIVERSITY 


* This furnishes an example of a two-dimensional potential of singulari- 
ties analogous to those of (3) for space. The general treatment of such 
potentials could of course be given along similar lines or could be deduced 
from the above by putting 1/R,=0. 


| 
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CANONICAL CONFIGURATIONS ASSOCIATED 
WITH A SURFACE* 


BY E. P. LANE 


1. Introduction. After summarizing briefly for subsequent 
use some of the theory of the projective differential geometry 
of a surface referred to its asymptotic net, we next present 
some very convenient formulas for differentiating the coordi- 
nates of a point referred to the local tetrahedron customarily 
employed when the differential equations of the surface are 
in Fubini’s canonical form. Their use is first illustrated in 
connection with certain configurations generated by different 
parts of the local tetrahedron at a variable point on the 
surface, and then they are applied in a brief study of the 
first and second canonical surfaces, the former being en- 
veloped by the canonical plane and the latter being generated 
by the canonical point. Finally, the general theory of a 
pencil of conjugate nets on a surface is applied to a new 
covariant pencil of conjugate nets, and a sequence of such 
pencils is constructed. 


2. Analytic Foundations. In ordinary projective space the 
four homogeneous coordinates x™,---, x of a point P 
on an analytic non-ruled surface S are functions of two 
independent variables u, v. If the asymptotic net is para- 
metric and if the proportionality factor of the coordinates 
is suitably chosen, the functions x satisfy two partial 
differential equations in Fubini’s canonical form 


[6 = log (6y)]. 


Xuu = Px + + 
(1) 


= qx + + 


* Presented to the Society, September 6, 1928. 


| 
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The most general transformation of proportionality factor 
and parameters preserving this canonical form is 


(2) x = const. a= U(u), = V(v). 
A point y given by an expression of the form 
(3) = + + + 


is said to have local coordinates x, - - - , x4 referred to the 
local tetrahedron x, xu, %», Xu» With suitably chosen unit point. 
The vertices of this tetrahedron are covariant points; in 
fact the line xx,, is the projective normal and the line 
XX, is the reciprocal polar of this line with respect to the 
quadric of Lie; the vertex x,, is the point where the tangent 
of the curve u=const. on the surface generated by the point 
x, meets the projective normal. The effect of (2) on the local 
coordinates is the change of unit point given by 


(4) “1; Ze = U' xe, => V' x3, = U'V' x4, 
accents indicating differentiation with respect to the var- 
iables of the functions concerned. 

The equation of the canonical plane of S at P is 


(5) ox, — yx; = O, 

where 

(6) @=—logBy?, — log 
Ou dv 


And the coordinates of the canonical point are (0, y, —@, 0). 


3. The Derivatives of the Local Coordinates. We shall first 
give some formulas for the local coordinates of the two first- 
order derivative points of the point y given by (3). By easy 
calculation we find 


(7) 


+ YoXu = + VaXuv; 


Vo = + + + 
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where 
= Xiu + px2 + (po + 
Y2 = X2u + + Ou%2 + (By + X4, 
Ys = + Bx2 + 1X4, 

(8) Ys = + + 


21 = Xin + + (qu + 
= Xo, + + x%, 
23 = X3v + X1 + + (BY + Bur) 


= + Xo + 


the functions 7, x being defined by 
(9) x= qt vd. 


It occasionally happens that we have the equation in local 
coordinates of a surface covariantly connected with a point P 
of S and wish to find the envelope of this surface as P varies 
on S. The usual method of procedure is to differentiate 
partially with respect to u and with respect to v in the 
equation and then to solve the two resulting equations with 
the original to obtain the points of contact of the surface 
with its envelope. We shall now obtain the differentiation 
formulas to be used in such a situation. 

The coordinates of a point Z on S near P, are given* by the 
expansions 


(10) =Au+t+-:--, 


x3 =Av+--:-, =O+---. 


And the coordinates y, 2, w of the corresponding points 
Eu, Zr, Xu, X», Xu» respectively are given in order by 
the power series 


* Stouffer and Lane, Recent developments in projective differential 
geometry, this Bulletin, vol. 34 (1928), pp. 453-472. See part B, equation 2. 
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(11) ye=1+0Au+---, 

BOut---, yom hot--- ; 

= 1+0,Av+ ---, 24 = Aut+-::: ; 

wi = (pe + Bg)Au + (qu t+ vp)Av+---, 
(13) we = (By + + xdv+---, 

ws = wAu + (By + Our)Av+---, 

| ws = 1+ 0,Av+-:--. 

If a point has coordinates x, - - - , x, referred to the original 
tetrahedron x, Xu, X», Xu and coordinates %:, - - - , Z referred 


to the neighboring tetrahedron Z, Z., Z, Zu, the transforma- 
tion between the tetrahedrons is found to be given by 


= — xepAu — xsqAv — + Bq)Au 
+ (qu + + 
Zo = — xAu+ x2(1 — 0,Au) — xzyAv 
— x4[(By + — xo] +---, 
Z3 = — x,Av — + — 6,Az) 
— + (By + +---, 
Ey = — xeAv— x3Au+ x,(1— 0,Au— 0,Av) +---. 


Holding v=const. and taking the limit in these formulas as 
Au approaches zero (having first transposed certain terms 
and then divided by Az), and then interchanging the roles 
of u and v and repeating the process, we obtain the desired 
formulas for the differentiation of the local coordinates: 


Xiu = — — (p» + Bq)xs, 
= — — — (By + Our) 
(15) | %4u = — — 
= — — (qu + YP) 
= — — 
= — — Oyx3 — (By + Ouv) 
Xe — 


| 
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4. Applications to the Local Tetrahedron. It follows from 
statements in §2 that the loci of the points x,, x,, x,, are three 
surfaces covariant to S. Moreover these surfaces and S 
have their points in correspondence, corresponding points 
being those that have the same curvilinear coordinates. 
Without giving details of the calculations we shall simply 
remark that if we place x;=x, %2=Xu, %3=%p, X14 
u? =v, it is easy to determine a system of linear differential 
equations* of the form 

4 
(16) (6 = 1,---, = 1,2), 
OuP j=1 
satisfied by the coordinates of these four points. Then the 
results of D. Sun on quadruples of surfaces with points 
in correspondence can be applied to these four surfaces. 
Morecver, each of the three pairs of opposite edges of the 
local tetrahedron generates two congruences with generators 
in correspondence, to which the results of A. Cook on pairs 
of congruences with generators in correspondence can be 
applied.t 

The envelopes of the faces of the local tetrahedron are 
again a quadruple of surfaces with points in correspondence. 
It is geometrically obvious, and easily demonstrated by (15), 
that the face x,=0 envelops S itself. The points of contact 
of the faces x;=0, x2=0, x3=0 with their envelopes are found 
by (15) to have respectively the coordinates 


[0, q(Po Bq), P(Gu + vp), 
(17) [ (By + 0.) ,0, 
[— B(By + Ou»), — 7,0,6]. 


If, for instance, the last two of these points are joined we 
obtain a generator of a congruence covariant to S, and so a 


*Lane, The projective differential geometry of systems of linear homo- 
geneous differential equations of the first order, Transactions of this Society, 
vol. 30 (1928), pp. 785-796. See §5. 

¢ Sun, Cook; Chicago Doctoral Dissertations (1928-29). 
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wide variety of possibilities for the construction of covariant 
configurations is suggested. 


5. Applications to the Canonical Surfaces. If ~=O0, the 
canonical point coincides with the point x,. Let us suppose 
y <0, and place 


(18) o/yp. 


Then the local coordinates of the canonical point are (0, 1, 
—X, 0) and the equation of the canonical plane is 


(19) AXe — %3= 0. 


Applying (15) to (19) we find that the envelope of the 
canonical plane, as u, v vary, is a surface, which we shall call 
the first canonical surface S,, and whose point of contact with 
the plane is given by the formulas 


( = (By + Ouv) X4 + + yh?) 
(20) + xA(rx + B ) 


+AA, + B— OA + — 
The locus of the canonical point, as u, v vary, 1s the second 


canonical surface S2, whose tangent plane can be shown by 
means of (8) to have coordinates given by 


= Xu + — B — + OA? + A, 
(21) < t2=Xu3, Us = p — gr’, 
us = + Or + + — B — OA). 
It will be observed that the two surfaces S,, S2 correspond 
in the dualistic transformation that converts each point P of 
S into the tangent plane of S at P. Analytically this kind 


of duality* is represented in the present notation by the 
transformation 


* Lane, The correspondence between the tangent plane of a surface and 
its point of contact, American Journal of Mathematics, vol. 48 (1926), 
p. 204. 


= 
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(22) 21 = — (By + Ouv)ti + U4, X2 = — Ug, X3 = — Ue, = 


accompanied by the substitution 


¢ 


B « x —dv/du 


We shall make a few remarks about S:2, understanding that 
similar remarks, mutatis mutandis, can be made about 5,. 
The tangent plane of S2 passes through P, in case 


(24) dy + AA, — B — OA + 6,d? + yr? = 0, 


and then its line of intersection with the tangent plane of S 
is the second canonical tangent joining P, to the canonical 
point. In this case the canonical curves of the first kind 
dv—ddu=0 are dual union curves of the reciprocal of the 
projective normal congruence, so that the ray-point of the 
first canonical curve through P, lies on the reciprocal 
x4 =x, =0 of the projective normal, being in fact the canonical 
point itself. 

The tangent plane of S2 meets the tangent plane of S in the 
reciprocal of the projective normal in case 


(25) — gv’? =0, 
being in this case the plane x,=0. Then the canonical curves 
(26) dy? — d*du? 


correspond to the developables of the reciprocal of the pro- 
jective normal congruence, which is therefore harmonic to the 
conjugate net of canonical curves. 

The locus of the canonical point is a curve in case (24) 
and (25) are satisfied simultaneously. 


6. The Canonical Pencil of Conjugate Nets. A pencil of 
conjugate nets on a surface is the class of ©' conjugate 
nets every one of which has the property that at every 
point of the surface its two tangents form with the tangents 
of a fundamental conjugate net the same cross ratio. The 
covariant pencil of conjugate nets determined by the canonical 


= 
= 
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conjugate net (26) will be called the canonical pencil. The 
differential equation of a general net of this pencil is 


(27) dv? — d*h*du? = 0 (h = const.). 
The envelope of the osculating planes at P of all curves 


of the canonical pencil that pass through P is the axis-plane* 
cone 


(28) = — Buz? — = 0 
where 
(29) m = 2us — (0, — — (8, + A,/A)ue. 
The cusp-axis of this cone joins P, to the point 
(0, — 0, —d./A, — + Au/d,2), 

which lies in the canonical plane in case 
(30) + Av/A) = Ou — 

Let us suppose that (30) is not satisfied. Then the plane 
\1X2—x3=0, where 

— ru/d 
6, 
contains the cusp-axis and the projective normal. The curves 
enveloped by the line of intersection of this plane with the 


tangent plane of S, together with their conjugates, form a new 
covariant conjugate net 


(32) dv? — d2du? = 0, 


(31) 


and the process can be repeated indefinitely. In this way we 
obtain a sequence of covariant conjugate nets. 


THE UNIVERSITY OF CHICAGO 


* Lane, A general theory of conjugate nets, Transactions of this Society, 
vol. 23 (1922), p. 283. 
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POLYNOMIALS f[¢(x)] REDUCIBLE IN FIELDS 
IN WHICH f(x) IS IRREDUCIBLE* 


BY LOUIS WEISNER 


1. Introduction. Professor Ritt recently had occasion to 
consider the irreducible polynomials which become reducible 
when each argument is replaced by a power of itself. 

His results suggest the related problem of determining all 
polynomials ¢;(x1,--- , » Pm(%1,°°* , Xm), such 
that f[di,---, is reducible, f(x, ---, xm) being irre- 
ducible. There is no such problem for functions of one vari- 
able, as every polynomial in a single variable can be factored 
into linear factors. If, however, we restrict ourselves to a 
field R, the problem arises: Given a polynomial f(x) with 
coefficients in R and irreducible in R; to determine all poly- 
nomials ¢(x) with coefficients in R such that f[¢(x)] is re- 
ducible in R. The present paper is devoted to a solution of 
this problem. 


2. Reducibility of ¢(x)—x;in R’. Let 
(1) f(x) = (% — — m2) — 
be a polynomial with coefficients in R and irreducible in R; 


and let ¢(x) be an arbitrary polynomial with coefficients in 
R. An irreducible factor A(x) of 


(2) flo(x)] = [6(x) — [6(x) — x] 


has a root in common with one of the equations $(x) =xi, 
say $(x)=x;. Let a:(x) be the greatest common divisor of 
A(x) and $(x) —%x:, and 


— = a;(x)b;(x) 
A(x) = a,(x)ei(x), 


* Presented to the Society, February 25, 1928. | 
tJ. F. Ritt, A factorization theory for functions Transactions 
of this Society, vol. 29 (1927), pp. 584-596. 
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where 5,(x), c:(x) are polynomials (which may be constants) 
with coefficients in the field R’ obtained by adjoining 

The coefficients of the powers of x in (3) are rational 
functions of x;, - - - , X, with coefficients in R and are there- 
fore unaltered by the group G of f(x) =0 relative to R. Let 
us apply to (3) some substitution of G which changes x; to 
x; obtaining 
(4) — = ai(x)b,(x) 

A(x) = 


where a;(x), 5:(x), c:(x) denote what a;(x), bi(x), a(x)’ 
respectively, become when subjected to this substitution. 
The coefficients of 


= ai(x)--- a,(x), 


being invariant under G, are in R. As A(x) is irreducible in 
R and has a root in common with Q(x), A(x) is a divisor 
of Q(x). But A(x) is divisible by each of the polynomials 
a,(x), @,(x), which are relatively prime as they are 
divisors of the relatively prime polynomials ¢(x)—-%,---, 
(x) —x, respectively. Thus, A(x) and Q(x) are equal up to 
a constant factor, which, without loss of generality, may be 
taken as unity, so that 


(5) A(x) = a;(x) - - - a,(2). 


The polynomial a;(x) is irreducible in R’. Otherwise, let 
(6) a,(x) = d,(x)e,(x), 


where d;(x), e:(x) are (non-constant) polynomials with 
coefficients in R’: these coefficients are rational functions 
of x1,°--, X, with coefficients in R, in which form we 
suppose them to be expressed. Applying to (6) a substi- 
tution of G which changes x; to x;, we obtain 


a,x) = d,(x)e;(x), 
where d;(x), e:(x) are what d;(x), e:(x), respectively, become 


under this substitution. Thus d(x) - --d,(x) is a poly- 
nomial with coefficients in R, of degree less than that of 


= 
— 
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A(x), and divides A(x). As this conflicts with the irre- 
ducibility of A(x) in R, a;(x) is irreducible in R’. 

We conclude that a necessary and sufficient condition that 
f[o(x)] be reducible in R is that (x) —x, be reducible in R’, 
each irreducible factor of o(x)—x: in R’ giving rise to an 
irreducible factor of f[¢(x)] in R by means of an equation 
similar to (5). 


3. Divisors of f[¢(x)]. Because of the relations which exist 


among %1,---:, x, the coefficients of a divisor a;:(x) of 
o(x)—x; may be expressible in different ways as rational 
functions of x1, - - - , X, with coefficients in R. We proceed 


to show that the coefficients of a;(x) equal rational functions 
of x; alone with coefficients in R. 
The roots of A(x) =0 may be separated into systems 


%11,%12, °** » Xip 
%21,%22, °° Xap 
Xn1,%n2, °° * 


the quantities in the ith system being the roots of a;(x) =0, 
which form sets of imprimitivity of the group I of A(x) =0 
relative to R if f(x) and a;(x) are non-linear. IT permutes 
these systems in the same way that G permutes x, --- , Xn 
respectively. The subgroup G; of G which leaves x; fixed 
corresponds to the subgroup I; of T which permutes the 
symbols of the ith system among themselves. The coeffi- 
cients of a;(x) are unaltered by I; when expressed as ele- 
mentary symmetric functions of xi, - - - , Xip and hence are 
unaltered by G; when expressed as rational functions of 
%1,° °°, X, with coefficients in R. As x; belongs to Gi, every 
function of the roots of f(x) =0 which is unaltered by G; 
equals a rational function of x; with coefficients in R; in 
particular, this is true of the coefficients of a;(x). 

We therefore change our notation and write a(x, x;) in 
place of a;(x). We have 


(7) A(x) = a(x, 1) a(x,%n). 


= 
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The point to be emphasized in connection with (7) is that 
a(x, x:) is a divisor of ¢(x)—%x, and that the other factors 
in the right member are obtained from a(x, x:) by changing 
tO X2,°° Xn 

The preceding equation, derived on the assumption that 
A(x) is irreducible in R, may be extended to any divisor 
of f[o(x)]. Let 

A(x) = Ai(x) --- A,(x), 


where A;(x), ---, A,(x) are irreducible in R, and hence 
are expressible in the forms 


A,(x) = a;(x,%1) ai(%,%n), 
A,(x) = a,(x,%1) 
a(x, X,) being divisors of $(x)—%x, with 


coefficients in R’ and irreducible in R’. Define 

a(x,%1) = ai(%,%1) 91). 
Then we have (7), in which A(x) now denotes any divisor of 
f[(x)] and a(x, x1) is a divisor of ¢(x)—x. Every divisor 
of {[o(x)] with coefficients in R is of the form (7). This is 
clearly true of f[¢(x) | itself. 


4. Construction of (x). We proceed to prove the converse: 
if a(x, y) is a polynomial in the independent variables x, y, 
with coefficients in R, there exists a polynomial ¢o(x) with 
coefficients in R such that f[¢o(x) | is divisible by 


(8) A(x) = a(x,%) - - a(x, xq) 


and (x) —x, is divisible by a(x, x1). Lagrange’s interpola- 
tion formula suggests taking 


i=n ,j=p 
(9) (y= 


Xi, Xip being the roots of a(x, x;)=0. As the coefficients 
of 
(xx) (x) 


— Bey) A" (ig) 
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are rational functions of the coefficients of a(x, x;)=0, the 
coefficients of @o(x) are in R. It is evident that ¢o(x;;) =x, 


(j=1,---, p). Hence ¢o(x) —x; is divisible by a(x, x;). As 
= fla) =0, 


f[¢o(x)] is divisible by A(x). 

If ¢(x) is another polynomial with coefficients in R such 
that is divisible by a(x, x1) and f[¢(x)] is divisible 
by A(x), then $(x) —d¢o(x) is also divisible by a(x, x:) and 
hence by A(x); that is, 


(10) $(x) = (mod A(x)). 


Conversely, every polynomial ¢(x) with coefficients in R 
satisfying this congruence has these properties, ¢o(x) being 
distinguished from the others by the fact that its degree is 
less than that of A(x). The degree of every polynomial ¢(x) 
of the system (10) excepting ¢o(x) exceeds that of A(x); 
hence f[@(x)] is reducible. But f|[¢o(x)] may be of the same 
degree as A(x) and may be irreducible. For the complete 
solution of our problem it is necessary to determine those 
polynomials a(x, y) which lead to a ¢o(x) such that f[@o(x) | 
is irreducible. 


5. The Polynomials P(x). We treat first the case in 
which A (x) is f(x) itself; that is, we consider the polynomials 
¢(x) with coefficients in R such that f[¢(x)] is divisible by 
f(x). 

If f[¢(x)] is divisible by f(x), ¢(x:) is a root of f(x) =0; 
and conversely. Suppose $(x:)=x2. The subgroup of the 
group G of f(x) =0 relative to R which leaves x; fixed also 
leaves x2 fixed. Hence* there exists a substitution & on the 
symbols x, - - - , x, (not necessarily in G) which is commu- 
tative with every substitution of G. Let H be the group 
consisting of the substitutions 4;=1, h,---, t on the 
symbols x1, ---, X, which are commutative with all the 


* See Miller, Blichfeldt and Dickson, Finite Groups, p. 37. 
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substitutions of G.* The order of H is equal to the number of 
symbols fixed by the subgroup of G which leaves one symbol 
fixed. Let x1, 2, - - - , x, be the symbols fixed by the sub- 
group of G which leaves x; fixed. Then x2, ---, x, equal 
rational functions of x; with coefficients in R. These func- 
tions are readily constructed with the aid of Lagrange’s 
interpolation formula. By a suitable choice of notation we 
may suppose that ¢; changes x; to x; The functions in 
question are 


(21) f(x) ti( Xn) f(x) 
(x (x =a Xn) f (%n) 
where #;(x;) denotes the effect of i; on x;. Evidently P;(x;) 


=1t;(x;). 

That the coefficients of P;(x) are in R may be seen as 
follows. Apply to the right member of (11) any substitution 
s of G, obtaining 


s [ts(x1) f(a) s[ti( an) |f(x) 
[x — s(x) ]f’ [s(x] [x — s(an) [s(an)] 
As s and t; are commutative, this expression equals 
CED) 
[x — s(x.) ]f’ [s(x] [x — ] 


which is clearly the same as the right member of (11), except 
possibly for the order in which the terms are written. Having 
shown that the coefficients of P;(x) are unaltered by G, 
we conclude that they equal numbers in R. 

If ¢(x) is a polynomial with coefficients in R such that 


= P(x), (i= n), 


where P(x) is one of the polynomials (11), ¢(x)—P(x) is 
divisible by f(x); and conversely. Thus every polynomial 
with coefficients in R having the property that f|@(x) | is divisible 
by f(x) is congruent modulo f(x) to one of the polynomials P(x). 


* A method for constructing H when G is known is explained in Burn- 
side’s Theory of Groups, 2d edition, pp. 224-227. 
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We note in passing that the polynomials P(x) form a 
group, the “product” of P:(x) and being P;[P;(x)] 
reduced modulo f(x). This group is simply isomorphic with 
the group H previously described. 


6. Determination of all Polynomials $(x) such that f[o(x)] 
ts Reducible. As noted at the end of §4 we must consider the 
case in which f[¢o(x)] and A(x) are of the same degree. 
We have 


[o(x) x1] [¢o(x) tn | ca(x, x1) (2, 


where ¢ is in R. It was shown in §3 that a(x, x;) is a divisor 
of one of the factors in the left member, say $0(x) —x:; 
that is, 

a(x,%1) = — xz], 


where g is a constant in R. Hence x; equals a rational function 
of x; with coefficients in R. By taking the equation f(x:) =0 
into account, this rational function may be expressed as a 
polynomial in x, of degree less than m, and then must be one 
of the polynomials P(x) of §5. Thus 


(12) a(x,y) = a(x) — gP(y). 

Conversely, if a(x, y) is of this form, f[¢o(x)] and A(x) are 
of the same degree. If, therefore, we avoid choosing a(x, y) 
of this form, we may be certain that f[¢o(x)] is reducible. 
However, the polynomials (12) may not be ignored. For, 
although they lead to polynomials as @ (x) such that 
f[do(x)] may be irreducible, other polynomials ¢(x) are 
determined from (10) with the aid of @o(x) which have the 
property that f[¢(x) | is reducible. 


7. Summary. Each polynomial a(x, y) with coefficients 
in R determines ~! polynomials ¢(x) such that f[¢(x)] is 
reducible, by means of (9) and (10). The only exception 
occurs when a(x, y) is of the form (12), in which case $o(x) 
is the only polynomial of the system (10) for which f[o(x) | 
may be irreducible. 
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CONCERNING R. L. MOORE’S AXIOMS 2 
FOR PLANE ANALYSIS SITUS* 


BY R. L. WILDER 


1. Introduction. R. L. Moore has proposedf a system, 21, 
of eight axioms for plane analysis situs. That a space S 
satisfying this system is in one-to-one continuous corre- 
spondence with two-dimensional euclidean space was shown 
by Moore in a later paper.{ 

It is the purpose of the present paper to show that the set 
x; may be reduced to a set of seven Axioms, by the elimi- 
nation of Axiom 6, which is a consequence of the otherAxioms. 
Doubt as to the independence of Axiom 6 was raised in the 
mind of the author by noticing that the independence ex- 
amples given for Axioms 6 and 7 on pp. 162 and 163 of F.A. 
are not valid, and by the subsequent finding of an independ- 
ence example for Axiom 7 accompanied by failure to find 
any independence example for Axiom 6. 

2. Independence of Axiom 7. The independence of Axiom 7 
is established be the following example: 

Let the space considered by ordinary euclidean space of 
two dimensions. Choose a pair of rectangular axes OX and 
OY. For every positive integer , let points be defined as 
follows: A,=(0,—1/n), Bn=(1/n,—1/n), Cra=(1/n, 1/n), 
D,=(0, 1/n), E,=(0, 0), F,=(1/(2n), 0). Let 7, be the 
bounded domain whose boundary is the rectangle A,BnC,Dn 
together with the straight line interval E,F,. Then a point 
set R is a region if and only if R is either the interior of some 
simple closed curve or identical with some 7,. That the 


* Presented to the Society, December 28, 1927. 

t On the foundations of plane analysis situs, Transactions of this Society, 
vol. 17 (1916), pp. 131-164. Referred to hereafter as F. A. 

t Concerning a set of postulates for plane analysis situs, Transactions of 
this Society, vol. 20 (1919), pp. 169-178. 
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conditions of Axiom 7 are violated at E, for every T, is easily 
evident. - 

3. Proof of Axiom 6 on the Basis of Axioms 1-5, 7, 8. 
In the proof of Theorems 1-27, inclusive, of F.A., no use 
is made of Axiom 6. The proof given of Theorem 28 is 
based on both Axioms 6 and 7, but can be made independent 
of Axiom 6 as follows: 

Proof of Theorem 28 without use of Axiom 6: Let the proof 
for the case where M denotes the exterior of J be given as in 
F.A. Denote the interior of J by R. 

Let R be any region about O, and let K be a region about 
O which lies wholly interior to R and fails to contain some 
point, D, of J. Then by the preceding part of the argument 
there exists an arc AXB such that (1) A and B are on J, 
(2) AXB, except for its end points, is common to M and K, 
(3) of the two arcs into which A and B divide J, that one 
which contains O lies in K. 

Clearly that arc of J from A to B which contains D has 
only A and B in common with AOB. By Theorem 27 of 
F.A., either D is without AX BOA or O is without AXBDA. 
But since AXBOA is in K, the latter case would imply 
that D is a point of K (Theorem 21), so that the former case 
must hold. Then by the second part of Theorem 27, the 
interior of AX BDA =AOB (except for its end points) +the 
interior of AOBDA-+the interior of AX BOA. 

Let T be a region about O and lying wholly interior to 
AXBDA and K. Then by the preceding part of the proof, 
there exist two points A’ and B’ on AXBOA and an arc 
A'X'B' such that A’X’B’ except for its end points is interior 
to T and exterior to AX BOA, and that arc of AX BOA from 
A’ to B’ which contains O lies in T. As the only points of 
AXBOA that lie in T are on AOB, it is clear that the arc 
A’'OB’ is a subset of AOB and hence of J. That A’X’B’, 
except for its end points, is a subset of R is evident at once 
since it lies interior to AXBDA but contains no point of 
AOB or the interior of AX BOA. 

Since T is a subset of K, which in turn is a subset of R, 
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we see that A’X’B’ is an arc such that (1) A’ and B’ are 
on J, (2) A’X’B’ is common to R and R, (3) of the two arcs 
into which A’ and B’ divide J that one which contains O 
lies in R. 

In the proof of the remainder of the theorems of F.A., 
that is, Nos. 29-52, inclusive, no use is now made of Axiom 6. 

I shall now prove the following theorem without use of 
Axiom 6:* 


THEOREM A. If R is a region and J is the boundary of R, 
then J is a simple closed curve. 


Two proofs will be given. The first of these is based en- 
tirely on F.A. and may be understood by a reader who has 
no further familiarity with the existing literature of analysis 
situs. The second proof has the advantage of being quite 
brief, and to one who is familiar with the various results 
that have been obtained in later papers dealing with plane 
analysis situs—especially with the theory of continuous 
curves— it is by far preferable. 

First Proor. This proof is based on Theorem 48 of F.A. 
That J satisfies all conditions{ of this theorem except (3) 
is readily apparent if we let S:=R, and S,=S—R’. I shall 
proceed to show that condition (3) is satisfied. 

Let x be any point of J, and let P be a point of R. Let 
Ji, Jz, Js, - - - be a sequence of simple closed curves every 
one of which encloses x and such that (1) for every positive 
integer i, Js; lies interior to J;, and (2) x is the only point 
common to the regions bounded by the simple closed 
curves of this sequence. (Theorems 5 and 36 of F.A.) 

As x is a limit point of R, there exists in R a sequence of 
distinct points, P;, P2, P3,---, having x as a sequential 
limit point and such that for every positive integer i, P; is 
interior to J;; By Theorem 16, P and P, are the extremities 


* See Theorem A, p. 163 of F. A. 

{ That the first of these conditions is superfluous has been shown by 
P. M. Swingle. See this Bulletin, vol. 34 (1928), pp. 607-618. This theorem 
(No. 48 of F. A.) was first stated by Schoenfliess. 
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of an arc a, and for every positive integer n, P, and P,4; are 
the extremities of an arc t,4:, such that the arcs a, bh, ts, ts, 

- all lie in R. Let x2 be the last point of a; on & in the 
order from P; to P2. That portion of % from x2 to Pz is an 
arc dz. Let x3 be’ the last point of a2 on in the order 
from P, to P;. That portion of ¢; from x3 to P3 is an arc a3. 
Continuing in this way indefinitely, there is obtained a 


sequence of arcs a, 2, a3, -- - , such that for every positive 
integer 1, ad, has only one point, that is an end point Xp, in 
common with the set 


(1) If for every value of n there exists a positive integer k, 
such that a; is the last are of the sequence of arcs {a;} 
having points on J,, then it is easily shown that the set 
a; a, together with the point x contains an arc from P 
to x which lies, except for x, wholly in R. 

(2) Suppose there exists a positive integer such that 
infinitely many of the arcs of the sequence {a;} have points 
in common with J,. Then infinitely many arcs a; of the 
sequence have points exterior to J,41 as well as P; interior to 
Jnsg. For every such arc, a;, let A; be the first point of 
Jn41 on a; in the order from P; to x; (letting x; denote P). 
Then let B; be the first point of Jny2 on that portion of a; 
from A; to P;, in the order from A; to P;. From A; to B; 
there exists an arc A;B; which is a subset of a;, and such 
that if J,4; is the set of all points between Jn,; and Jny2 
(see footnote, p. 157 of F.A.), A;B;, except for its end 
points, is a subset of Z,4:. Call the set of all such arcs {a* } ; 
It is easily shown that no two arcs of the set {a;*} have 
any points in common.f Since J,4: is bounded and closed, 
the infinite set of points of type A; has at least one limit 
point A on Jny, (Theorem 13). If z is any other point 
on J,4; then at least one of the arcs into which A and 2 
divide Js; must contain an infinite set of points of type 
A; having A as a limit point; call this arc Az. Then 


+ See pp. 344-345 of my paper Concerning continuous curves, Funda- 
menta Mathematicae, vol. 7 (1925), pp. 341-377. 
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from the points of type A; can be selected an infinite 


sequence A,, As, Az, ---, in the order from z to A on Az, 
and having A as a sequential limit point. The set of 
points B,, Be, B;, - --, where B, is the other end point of 


the arc of {a;*} to which A, belongs has a sequential limit 
point B. There is obtained thus a sequence A,B,, A2B2, 
A;B;, - - - , of arcs of the set {a;*} arranged in a definite 
order. Call this sequence the set {A;B;}. 

The set {A,B;} has a limiting set, M1, which{ evidently 
contains A and B. Let w bea point of M, in J,4; (that such 
a point exists is easily shown; for instance, any simple closed 
curve which encloses J,,2 and lies within J,,4; will contain such 
a point), and let C, be a simple closed curve enclosing w and 
lying wholly in J,4;: but not enclosing Ji42. Let AB, be 
an arc of the set {AiB;} which has points interior to Cy, 
and let y be one such point. Let s be an arc from y to w 
lying wholly interior to C,, and let m be the first point of MM, 
on s in the order from y to w. Denote that portion of s from 
y to m by t. From the order of the arcs {A;B;} it follows 
that there exists a positive integer 7 such that every arc 
A.B; for which 7>j has a point y; on ¢#, and such that m 
is the sequential limit point of the sequence yj, yj+1, Vise, 


(a) If m isa point of R, there exists a region R; which con- 
tains m and lies wholly in R. Then all but a finite number of 
the arcs of the set {A;B;} are joined to one another by 
a sub-arc of ¢ which lies wholly in R. 

(b) If m is not a point of R, then it must be a point of J. 
By Axiom 7 there exist in C, two regions K and K such that 
K contains m, K lies in S—R’, and all those points of J 
that lie in K are points also of the boundary of K. 

For each 1, A;B; and Aix: Bis1, together with those arcs 
iz, and of and respectively, that contain 
no end points of the set {A:B;}, form a simple closed curve 
K; which cannot enclose m. For every positive integer 


+ A point x is contained in M, if it is a sequential limit point of a se- 
quence of points x1, x2, x3,- °°, where for every n, x, is a point of A,B, 


= 
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r2=k, there is an arc b,, subset of t, which has one end point 
on each of the arcs A,B, and A,4:B,42, and which lies, 
except for these end points, entirely within K,. For each r 
there is at most a finite number of such arcs },. 

If only a finite number of arcs of type 5, contain points of 
S—R, then all but a finite number of the arcs {A;B;} are 
joined by arcs of R which lie wholly interior to C, . That this 
is indeed the case will follow if it can be shown that there 
cannot be infinitely many of the arcs of type b, that contain 
points of S—R. This is done as follows: If an arc b, contains 
a point of S—R, then, since its end points are in R, it must 
contain at least one point, P,, of J. Let one such point 
be selected for each simple closed curve K,; (r=k). The point 
m is the sequential limit point of the set of points {P,}, 
provided infinitely many such points exist. Then, since 
K contains m, K will contain at least two distinct points 
P. and Pa, of type P,, and by the conditions of Axiom 7 
these points are on the boundary of K. If J. and I4 denote, 
respectively, the interiors of K, and Ka, then J, and Ia 
have no point in common since no two points of type P, 
lie interior to the same curve of type K,. But then K must 
contain points in both J, and J4, and being a connected 
set must also contain a point, Q, on K,. That Q is not on 
Jnyi OF Jnye is evident, siace K is a subset of C;. Hence Q 
is a point of some arc of the set {A;B;}. But this is im- 
possible, since K lies in S—R’, and the arcs {A;B;} all lie 
in R. Thus there cannot exist infinitely many points of 
type P,, and the conclusion stated in the first sentence of 
this paragraph holds in any case. 

There must, then, exist a number Nj, such that for u>N; 
and v>M, A.B, and A,B, are joined by an arc of R which 
lies wholly interior to C;. A fortiori, those arcs of the set 
{ai} of which the arcs of the set {A,B;} of subscript >, 
are subsets, are joined by arcs of R in the same way. Call 
the set of such arcs Si. 

For each arc a; of S; that has points interior to J,4; let 
E; be the last point of J,42 on a; in the order from x; to Pi, 
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and let F; be the first point of J,,; on that portion of a; from 
E; to P;, in the order from E; to P;. Each such arc a; con- 
tains an arc E;F;, such that E;F;, except for its end points, 
lies wholly in I,42 (where J,42 is the set of all points between 
Jnig and Jns3). It can be shown, by the methods employed 
above, that from the arcs of the latter collection can be 
selected an infinite sequence, E, F,, E2F2, E3F3, - - - , having 
the property that there exists a number Ne such that for 
u>Nz and v>N2, E,F, is joined to E,F, by an arc of R 
which lies wholly within J,,2. The set of all those arcs of 
S; which contain arcs of this sequence of subscript > Ne 
denote by Se. 

Continuing in this way it is shown that there exists an 
infinite sequence of sets S,, Sz, S3, - - - , of arcs of {a}, such 
that for any positive integer j (1) Sj: is a subset of S;, 
(2) if a, and a, are any two arcs of {a;} which belong to S;, 
there is an arc ab of R such that (i) one end point of this arc, 
a, is a point of a,, and the other end point, J, is a point of a,, 
(ii) the arc ab lies wholly interior to J,,,; (the set of all points 
between Jn,; and Jnsj;41), and (iii) the arcs aP, and DP,, 
subsets of a, and a,, respectively, lie wholly interior to J, ;. 

The first arc of the sequence {a;} which belongs to S, 
denote by fi. The first arc of {a;} after f; which belongs 
to S: denote by fe. Then there exists, in J,4:, an arc of R 
whose end points are a point x’ of f; and a point y’ of fy, 
and such that the arc y’P., a subset of the arc f2=a., lies 
wholly interior to Jn,:. The first arc of {a;} after fe which 
belongs to S; denote by f;. Then there exists, interior to 
I,+2, an arc of R having as end points a point x”’ of y’P. 
and a point y’”’ of f;, and such that the arc y’’Px, subset of 
fs=a,, lies wholly interior to J,42. Continue this process 
indefinitely. Then, if f,=a,, the set --- +a,+x’y’ 
+y’P.+x"'y"'+y"'P.+ ---+x can be shown to contain 
an arc from P to x which lies, except for x, wholly in R. 

To show that if P is exterior to R, then there exists an arc 
from P to x which lies, except for x, wholly in S—R’, we can 
proceed as above, with only slight modification of the proof. 
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It follows that condition (3) of Theorem 48 of F.A. is 
satisfied, and therefore J is a simple closed curve. 

SECOND PROOF.* By virtue of the results obtained in R. L. 
Moore’s paper Concerning a set of postulates for plane analysis 
situs,{ space S is equivalent to a euclidean plane. We may, 
then, make free use of theorems established for the euclidean 
plane. By the Phragmen-Brouwer theorem, since J is the 
common boundary of the domains R (bounded) and S—R’ 
it is a bounded continuum. Suppose it is not a continuous 
curve. Then there exist two concentric circles k; and kz 
and a countable infinity of mutually exclusive continua 
WM, My, M2, - - - , satisfying all the conditions of the theorem 
of section 3 of R. L. Moore’s Report on continuous curves 
from the viewpoint of analysis situs.{ Let P denote a point 
of M lying in the point set H composed of the set of all 
points between k, and kz and let R denote a region con- 
taining P and lying, together with its boundary, in ZH. 
By Axiom 7 there exist, in R, two regions K and K such that 
K contains P, K lies in S—R’ and all points of the boundary 
of R that lie in K belong to the boundary of K. There exist 
four continua of the sequence M2, ---, that contain 
points of K. They may be so labelled x, y, z, w that if a con- 
nected subset of H contains a point of x and a point of z 
then it contains a point of y+-w. The boundary of K con- 
tains a point A of x and a point B of z. The point set 
K+A+B is a connected subset of H. Hence K contains a 
point of y+w. But y+w and K are subsets of J and of S—J 
respectively. Thus the supposition that J is not a continuous 
curve leads to a contradiction. Furthermore, by Theorem 
20 of F.A., J is the outer boundary of R. Hence J is§ a 
simple closed curve. 


* This proof was suggested to the author by R. L. Moore, to whom the 
original manuscript of this paper was sent for criticism prior to its being 
offered for publication. 

Tt Loc. cit. 

t This Bulletin, vol. 29 (1923), pp. 296-297. 

§ R. L. Moore, Concerning continuous curves in the plane, Mathema- 
tische Zeitschrift, vol. 15 (1922), p. 258, Theorem 4. 
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THEOREM B. (Axiom 6 of F.A.) If R and R are regions 
and P is a point in R and on the boundary of R, then there 
exist in R two regions K and K such that K contains P, K 
lies in R and all those points of the boundary of R that lie in 
K are points also of the boundary of K. 


Proor. By Theorem A the boundary of R is a simple 
closed curve J. By Theorem 28 of F.A. there exists a simple 
continuous arc AXB such that (1) A and B are on J, 
(2) AXB, except for its end points, is common to R and R, 
(3) of the two arcs into which A and B divide J, that one, 
APB, which contains P lies in R. Let the interior of the 
simple closed curve formed by AXB and APB be denoted 
by K, and let K be any region which contains P, lies wholly 
in R, and contains no point of AXB nor of that arc of J 
which does not contain P. The regions K and K defined in 
this manner satisfy the conditions of the theorem. 

In conclusion, it is perhaps interesting to note that in 
the above proof of Theorem A we have also proved the 
following theorem. 


THEOREM C. If D is a bounded domain (as defined in F.A.., 
pb. 136) such that (1) S—D’ is connected, and (2) if Pisa 
boundary point of D and R is a region containing P then 
there exist in R two regions K and K such that K contains P, 
K lies in S—D’ and all those points of the boundary of D that 
lie in K are points also of the boundary of K, then the boundary 
of Dis a simple closed curve. 


Furthermore, by virtue of a theorem due to J. R. Kline* 
we can state the following theorem. 


THEOREM D. If D is an unbounded domain satisfying con- 
ditions (1) and (2) of Theorem C, then the boundary of D is an 
open curve. 


Tue UNIVERSITY OF MICHIGAN 


* The converse of the theorem concerning the division of a plane by an open 
curve, Transactions of this Society, vol. 18 (1917), pp. 177-184. See in 
this connection the article of P. M. Swingle referred to in a preceding 
footnote. 
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THE MONTESANO QUINTIC SURFACE* 


BY A. R. WILLIAMS 


In a previous paper in this Bulletin (vol. 34 (1928), pp.631— 
638), I have mentioned the fact that Montesanoj has shown 
how to obtain a quintic surface with two consecutive skew 
double lines by quadratic transformation of a rational sextic. 
The latter has a quadruple point Q, at which are concurrent 
three coplanar double lines d,, de, d;, and a triple line k, which 
of course does not lie in the plane of the double lines. The 
plane system for the rational sextic and the derived quintic 
are given by Montesano. That of the sextic consists of the 
web of curves of order nine having in common 8 triple points 


Ai, Ao, ---, As and 3 simple points B,, B,, B;. The image 
of the triple line is the sextic with double points at A,, 
Ao, ---, As and passing through the points B. The image 


of a double line d; is the cubic determined by the 8 points A 
and B;. To B; corresponds the residual line of the surface 
in the plane of the triple line and d;. If we now apply a 
quadratic transformation whose fundamental system is an 
isolated point O on one of the double lines, say d;, and the 
degenerate conic kd,, the resulting surface will be of degree 
five. For it loses the plane kd; three times by reason of the 
triple line, the plane d,d; twice by reason of the double line 
d,, and the plane kd, twice on account of the double point 
at O. The transform of any ray through Q is another ray 
through Q. Therefore the quintic has a triple point at Q. 
A generic plane of the pencil k becomes a plane of the pencil 
d,, and the relation between these planes is a collineation. 
Since a section of the sextic by a plane through k is a cubic 
which meets the plane d,d; three times at Q, the section of 
the new surface by the corresponding plane through d, is a 
cubic which has d, for inflectional tangent at Q@. Moreover, 


* Presented to the Society, San Francisco Section, April 7, 1928. 
t Montesano, Rendiconti di Napoli, vol. 46 (1907), p. 66. 
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the plane kd, intersects the sextic in a residual line. The 
transform of this plane, which we will call 7, meets the quin- 
tic, therefore, in d,; and one other line; that is, d, counts for 
two coincident double lines on the quintic. Two sheets of 
the surface are tangent along d,, the tangent plane being rz. 
The trace of the quintic in the plane kd,, which we will call 
a, is the double line d;, the line k, which is a simple line on 
the quintic corresponding to the residual intersection of the 
plane kd; with the sextic, and two lines passing through Q 
which correspond to the tangent planes to the sextic at O. 
They are in fact simply the intersections of those tangent 
planes with the plane kd,. The tangent cone to the quintic 
at Q is the plane z and the planeo taken twice. The equation 
of the surface is of course easily obtained and will be used 
later. 

When the quadratic transformation is applied to the sextic 
the intersections of the homoloidal quadrics with the sextic 
become the plane sections of the quintic. The image of the 
intersection of a general quadric with the sextic is a curve of 
degree 18 passing 6 times through each of the 8 points A 
and twice through each point B. Since the homoloidal 
quadrics contain the triple line and the double line d, and 
have in common the point O on d;, the image of the inter- 
section of such a quadric with the sextic is of degree 9, 
having triple points at the 8 points A, passing through By 
and B;, and through the two points on the cubic determined 
by B; which correspond to O on d;. To directions at these 
points correspond directions at O in the two tangent planes 
to the sextic, which we have seen give two lines through 
the node on the quintic. Therefore the plane system for the 
quintic consists of the web of curves of order nine having in 
common 8 triple points A;, As, ---, As and four simple 
points, say B, and E,, Es, E., where the three latter are the 
residual intersections of a cubic of the pencil with any proper 
nonic which has triple points at the 8 points A and passes 
through B. Let y be the cubic of the pencil determined by B, 
and ¢ the cubic that contains the points E. Then it is easily 
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seen that ¢ corresponds to the node (triple point). To the 
nodal sections correspond the sextics of the net B, that is, 
the sextics that have double points at A;, Az, ---, As and 
pass through B and B’, where B’ corresponds to B in Ij, 
the plane involution determined by the sextics that have 
double points at the 8 points A. Therefore B’ lies on y 
and the complete image of the node is ¢ and the point B’. 
To directions at B’, which corresponded on the sextic to 
directions at the node in the plane of the triple line and d:, 
correspond on the quintic directions at the node in the plane 
a, the transform of that plane. To B there corresponds the 
line 6, or residual intersection of 7 with the quintic. To 
E,, Ex, E; correspond é1, é2, €3, the simple lines of the quintic 
passing through the node in the plane o. The cubic ¢ is 
the image of the double line ta. The points of ¢ are paired 
by lh; A pair correspond to a direction at the node in o. 
Through such a pair pass a pencil of sextics of the net B 
corresponding to the pencil of plane sections whose axis 
is the associated direction in ¢. To a pencil of nodal sections 
having its axis in 7 correspond a pencil of sextics having 
a common tangent at B’. To a pencil of such sextics having 
a common tangent at B correspond a pencil of nodal sections 
whose axis joins the node to a point on b. No proper sextic 
of the net B, and no proper nonic of the fundamental system 
can pass through Ao, the ninth base point of the pencil of 
cubics. To A» corresponds at the node the direction of the 
double line. The images of the sections by planes through 
the double line are the cubics of the pencil. Twelve of these 
have a node; that is, the corresponding planes are tangent 
to the surface. 

The number of fundamental curves of a pencil that have 
an additional node, that is, the class of the surface, is 30. 
For we have in the first place 3(9—1)? less 20 for each of the 
eight common triple points, that is, 32. But a general pencil 
of planes contains one nodal section, and the corresponding 
pencil of fundamental curves has one degenerate curve made 
up of ¢ and a sextic of the net B. The two points where the 
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latter meets ¢ are to be deducted, and the class of the surface 
is thus 30. Further, it is obvious geometrically that the 
Jacobian of a general net, which is the image of the curve 
of contact of the corresponding tangent cone, must contain 
@ as a factor. For through any point of space go a pencil 
of nodal sections; that is, in the corresponding net of funda- 
mental curves there is a pencil of degenerate curves one of 
which has a double point at any given point of ¢. The image 
of the curve of contact of a general tangent cone is therefore 
of degree 21, and has a seven-fold point at each of the 8 
points A, a double point at B and simple points at E,, E2, E3. 
Of the intersections of two such curves, 399 take place at the 
fundamental points. The class of the surface accounts for 
30 more, leaving 12 to be found. We must, in fact, account 
for 5 more intersections of such a curve with y (the image of 
the double line), 4 more with ¢, and 7 more with a general 
cubic of the pencil, or image of a plane section through the 
double line. Such a cubic meets W only at the fundamental 
points and A». This shows, as is otherwise obvious, that the 
curve of contact of a tangent cone can meet the double line 
only at the node and at pinch points, and therefore its 
image (of degree 21) meets ¥ only at the fundamental 
points and at points which correspond to pinch points or 
to the node. Since in any net there is a pencil of degenerate 
curves corresponding to nodal sections, the net may be deter- 
mined by three curves of the form U¢, V¢, and N, where U 
and V are sextics of the net B, and N isa proper fundamental 
nonic. We now find easily that zJ =9¢[@¢R+NS], where R 
is of degree 19 and S= U(¢.V,—9¢,Vz)+ V(o,U:—@20,). 
Now remembering that B is a point of y, any sextic of the 
net B can be written a(¢?f’ —¢’*f) +yoyf’ =0, where 
f is any proper sextic having double points at A1, A2,---,As 
and f’ and ¢’ are the values of f and ¢ at B*. Expressing U 
and V in this way we find that S vanishes for all points 
common to ¢ and jy, that is, the curve of order 21 passes 
through Ao, a point corresponding to the node. It is im- 


* Snyder, American Journal of Mathematics, voi. 33, p. 328. 
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mediately seen by use of R that it does not pass through 
the other point on W corresponding to the node, B’, where 
U and V are 0. Hence there are just four pinch points 
on the double line. The remaining three intersections of the 
curve of order 21 with ¢ are of interest. The locus of self- 
corresponding points in the involution J,; is a curve of order 
9, having a triple point at each of the 8 points A and meeting 
a cubic of the pencil at 3 other points. At such a point on ¢ 
the pencil of sextics of the net B that pass through it are 
tangent to ¢, one of them to be sure having a double point. 
Now in a general net of fundamental curves there is one 
degenerate curve composed of a sextic of this pencil and ¢. 
Since any three linearly independent curves of the net de- 
termine it we may let U be this sextic. Then at the point 
in question we have U=@=0 and ¢,U.—9¢.U,=0, since U 
and ¢ are tangent there. Hence for such a point S vanishes, 
and it is a point on the curve of order 21. Since the points 
on @¢ correspond to directions at the node in the plane a, 
the curve of contact of a general tangent cone passes four 
times through the node, three times in fixed directions in 
o and once tangent to the double line. Therefore of the 12 
intersections of two curves of degree 21 not accounted for 
by the fundamental points, either 8 take place at the images 
of the four pinch points on y, with simple intersections at 
Ao and the other 3 points on @ just considered, or vice 
versa. It can be shown definitely by use of the above equa- 
tion that the two curves are not tangent at Ao, so they must 
be tangent at the images of the four pinch points. That, of 
course, might be assumed. For at a pinch point on an ordi- 
nary double line the curves of contact of any two tangent 
cones have two points in common, while (if the surface is 
rational) the corresponding Jacobians have a simple inter- 
section at the image of the pinch point. In the case of two 
coincident double lines the former number is 4. Hence we 
should expect the two Jacobians to be tangent. Moreover, 
one of our curves of degree 21 meets any cubic of the pencil 
six times, aside from the 8 points Ai, A2,---, As and Ao. 
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That is, on any plane section through the double line are 
six points at which the tangent plane passes through a 
given point. We have seen that the image of the curve of 
contact of a general tangent cone is of degree 21. Its genus 
is also 21, and therefore the tangent cone (of order 16) has 
42 cuspidal edges and 42 double edges. The quadruple edge 
at the node counts for 6 of the latter. In fact it may be shown 
by use of the equation of the surface that the tangent 
cone has a quadruple edge, 42 cuspidal edges, and 36 double 
edges with distinct points of contact.* 

The sextics having double points at the 8 points A, but 
which do not pass through B, give on the surface skew 
sextics of genus 2. One of these plane sextics meets ¢ in 
two associated points, that is, two points corresponding to 
the same direction at the node in the plane a. Hence the 
skew sextic has a tacnode at the node of the surface and 
meets the double curve in two other generally distinct points. 
The plane sextic may be composed of the line joining two of 
the 8 points A and the quintic having double points at the 
other 6 and passing through the first two. The line and 
the quintic meet ¢ in two associated points, and meet each 
other in 3 points on the locus of self-corresponding points in 
I;;. Thus we get on the surface two skew cubics, inter- 
secting at 3 points, tangent to each other at the node, and 
each meeting the double line at one other point. There are 
obviously 28 such pairs. Likewise the plane sextic may be 
composed of the conic through 5 points A and the quartic 
having double points at the other 3 and containing the first 
5. This gives a similar pair of space cubics. There are 56 
of these pairs. The cubics corresponding to the 8 funda- 
mental points A ; are of this type. With the cubic correspond- 
ing to one of them, say A,, is paired the cubic whose image 
is the sextic corresponding to A; in Jz, that is, the sextic 
having a triple point at A; and double points at the other 7 
points A. There are thus 92 pairs, or 184 such skew cubics 
on the surface. To the locus of self corresponding points 

* Salmon, Solid Geometry, vol. 11, Chap. XVIIa. 
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in J,; corresponds on the surface a curve of degree 9 and genus 
4, which passes through the 3 points in which any one of 
these cubics meets the cubic with which it is paired. 

The genus of a curve of degree u on the surface does not 
exceed the greatest integer in (u?+-n+14)/10. 

A few slightly specialized types will now be mentioned. 
In setting up the plane system we may choose the 8 points 
A, which determine Ao, and a point B, which determines B’ 
and the cubic y. We take any other cubic of the pencil for ¢ 
and then any proper curve of degree 9 having triple points 
at the 8 points A and passing through B will meet ¢ in 3 
other points E,, E,, E;. Two of these may fall together. 
In fact we may make the ninth degree curve tangent to @ 
at any point. Then two of the lines through the triple point 
will coincide; the class will be reduced by two, and the 
surface will acquire correspondingly a conic node on the two 
coincident lines, but in general distinct from the triple point. 
The Jacobian will have a triple point where the ninth degree 
curve is tangent to @; but one of the 3 branches is tangent 
to ¢ and the removal ‘of @ leaves the curve of degree 21 
with a double point. Two such curves have thus four 
intersections at the coincident points instead of two, cor- 
responding to the fall in the class of two; and everything 
else takes place as before. The images of the plane sections 
through the new node are the ©? proper fundamental curves 
that have a double point at the two coincident base points 
on ¢. The only points on y, the image of the double line, 
that correspond to the node are A» and B’; and a proper 
fundamental nonic can pass through neither. Therefore a 
general plane section through the new node does not con- 
tain the triple point, and the two singular points are distinct. 
The one pencil of plane sections that contain both nodes have 
for images the pencil of sextics of the net B that pass through 
the point of tangency of the ninth degree curve and ¢. 
Similarly it might happen that £,, E2, E; fall together. Then 
the 3 simple lines through the triple point coincide; the class 
of the surface will be reduced by 3; and the new node on the 
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coincident lines will be a binode, B;. The plane of the coin- 
cident lines and the double line osculates the surface along 
the former. The equation of the surface, to be given later, 
shows that the new node, whether conic node or binode, may 
be thrown to the origin by suppression of a single coefficient. 
Apparently that can be accomplished only by allowing B 
to approach the coincident points E on @. Also if @¢ is fixed 
we can not select 3 coincident points E arbitrarily. It ap- 
pears that such a point is a possible ninth triple point for 
the nonics having triple points at the 8 points A. 

If B is taken on the line joining two of the 8 points 4, 
this line with the residual quintic and ¢ constitute the image 
of a plane section. To the line corresponds a conic on the 
surface cutting } and passing through the triple point. The 
quintic must pass through B’, and the corresponding curve 
on the surface is a plane cubic with a double point at the 
node. If the join of two points A contains B and one of the 
points E, the corresponding conic consists of the line e and 
one other line. Finally, if three of the 8 points A lie on a 
line the surface has a new conic node. Ao then lies on the 
conic determined by the other five; and to this conic cor- 
responds a plane rational cubic that lies in a plane through 
the double line, passes through the original node (triple point) 
of the surface, and has its own double point at the new node. 
The images of the plane sections through the new node are of 
course octic curves which with the line in question constitute 
fundamental curves. One pencil of these octics consists of 
¢ and the quintics which have double points at the remaining 
5 points A, simple points at the 3 that are collinear, and 
which contain B. These are the images of the sections that 
pass through both nodes. Similarly if 6 of the 8 points A lie 
on a conic we get a new conic node. To the line joining 
the other two, and containing of course Ao, corresponds a 
plane rational cubic like that just mentioned. 

It seems clear that the rational sextic described by 
Montesano is the most general sextic that has those singu- 
larities. If we assume this, to obtain the equation of the 
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quintic we have merely to write the general equation of a 
sextic having xy for triple line and yz; y+mx, z; and xz 
for double lines, and apply the quadratic transformation 


This gives the quintic 
+ my)w? + wy[aixy(z + my) + + my) 
+ asy® + asy’z + asyz? + + bi + my)? 
+ + my)L + xM + = 0, 


where L, M, and N are binary forms of degree 2, 4, and 3 
respectively in y, z. Here the planes 7 and o are 2+my and 
y, and yz is the double line. The trace of the surface in z+my 
is the double line and a residual line. Two sheets of the 
surface are tangent to each other along yz. It is easily shown 
without the aid of the plane representation that there are 
four points where the contact is higher. They are the 
pinch points that separate the portions of the double line 
where the surface is real from those where it is imaginary. 

We saw above that a new node resulted when two of the 
three coplanar simple lines through the triple point became 
coincident. Setting y=0 in the equation just obtained we 
find x(b\x?+b,xz-+) 92?) =0 for the three lines. The terms 
in L and M that do not involve y are biz? and byz*. Now 
the four partial derivatives vanish identically at all points 
on xy, except the single term b924 in 0/0x and the terms 
in 0/dy. 

The term in N that does not involve y is cz*. Hence when 
we bring two of the above three lines into coincidence by 
putting b,=0 we get a new conic node at (0:0:cy:+as). We 
have seen that if we also put b;=0 this node is a binode B3. 
But in either case it can be brought to the origin by setting 
dg=0. This does not change the nature of the surface, 
apparently; but to accomplish it by the plane representa- 
tion we must let the point B approach, in an arbitrary direc- 
tion, the three points E coincident on @. 


i 
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It is known that a quintic surface having for double curve 
a proper conic or a pair of intersecting lines, but possessing 
no other singularities, is not rational. If we write the equa- 
tion of a quintic having two intersecting double lines and then 
let the parameter which expresses the angle between them 
be zero, we obtain a surface of class 36 which is in general not 
rational, but which has four pinch points and three generally 
distinct triple points on the coincident double lines. It may 
be shown that just five relations must obtain among the co- 
efficients of such an equation if it is to represent a rational 
surface of the type just discussed. 


THE UNIVERSITY OF CALIFORNIA 


AMOUNTS OF INVESTMENTS AT ANY NUMBER 
OF RATES OF INTEREST* 


BY C. H. FORSYTH 


The writer developed certain generalizations of the most 
common formulas of the mathematical theory of finance in 
the June-July, 1921, issue of this Bulletin. These generaliza- 
tions were based upon the use of two and three rates of 
interest, instead of one. 

It is the purpose of this short paper to extend some of these 
generalizations to the use of any number of rates of interest. 
In developing such generalizations it will be found that 
solutions including reasonably complete treatments of the 
various possible relative frequencies of conversions of the 
various rates of interest, while not unduly difficult, would 
be so complicated in form and be so monopolized by terms 
due only to those treatments that it would be very difficult 
to sift out the information which we most desire now, namely, 
the nature of the function itself when the number of rates 


* Presented to the Society, October 29, 1927. 
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is increased markedly. We shall therefore omit these 
objectionable terms by assuming that the period of con- 
version is the same for all rates of interest. 

We shall denote the rate of interest realized directly from 
the principal by 7. If then these interest payments are 
accumulated at a second rate % the amount of an investment 
of one unit of principal by the end of conversion periods 
will be 1+-7%:5;, where sq is to be valued at rate %. This, 
then, is the amount of a principal of one unit at two rates of 
interest. 

If three rates of interest are used, the corresponding 
amount is the one unit plus the sum of the accumulations 
of the ” payments of 7,, where each of these accumulations 
is given by 7,(1+-%s;) and m has the successive values n—1, 
n—2,---+,2,1,0; sq is to be valued at rate zz. The amount 
is easily found and can be expressed as 


3 


where ,C; is the usual symbol for “the number of combi- 
nations, etc.” 

The procedure just illustrated is the same for all successive 
steps; the formula for r rates of interest is used to accumulate 
the interest payments direct from the principal to give the 
formula for r+1 rates of interest. As the formula for r+1 
rates is of the same form as that for 7 rates, the formula is 
established automatically by induction as it is derived. The 
formula for the amount of an investment of one unit of 
principal for m conversion periods, at r rates of interest, 
may be written: 


(sq to be valued at rate z,). 
The reader may find it of interest to see how the successive 


= 
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cases “nestle.” Thus, if 7, be replaced by 7,_; in the formula 
given above, the reduction of that formula to the one for 
r—1 rates is easily followed. 

For those who would care to check the summations 
leading to the formula given above it may be of help to note 
that from x=n—1 to 0 inclusive is +72 and 
that pe from n—1 to O inclusive is ,C,4:. Evidently, 
the subscripts of the rates are all to be shifted one unit 
for each set of summations. 

The formula for the amount of an annuity of one unit, 
at the end of each conversion period, for m conversion 
periods, at 7 rates of interest, would be obtained by accumu- 
lating each payment by the formula obtained above. The 
desired formula would be given then by the finite integral 
or sum of the formula given above, from m—1 to 0 inclusive. 
Evidently, this set of summations involves no shift in the 
subscripts of the rates of interest. The formula for the 
amount of such an annuity (at rate i,) becomes 


Attention was called, in the paper cited at the beginning, 
to the fact that the present value of an annuity at several 
rates of interest is indeterminate or meaningless unless the 
term “present value” of the annuity is defined more fully 
than usual and even then any such definition will refer 
to only one of several possible interpretations. 


DARTMOUTH COLLEGE 
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CURTISS ON COMPLEX VARIABLES 


Analytic Functions of a Complex Variable. By D. R. Curtiss. Chicago, 
The Open Court Publishing Co., 1926. ix+173 pp. Price $2.00. 


The present volume is the second one in the series of Carus Monographs, 
the first being Professor Bliss’s Calculus of Variations. The reader is as- 
sumed to have a preparation equivalent to elementary differential and 
integral calculus. However, without such preparation one may from the 
present volume, “obtain some idea of the scope and purpose of the theory 
of functions.” 

The purpose of the book seems to be admirably in line with that of 
Mrs. Mary Hegeler Carus, whose generosity has made these monographs 
possible. This purpose is appropriately described to be the “diffusion of 
mathematical and formal thought as contributory to exact knowledge and 
clear thinking not only for mathematicians and teachers of mathematics 
but also for other scientists and the public at large.” 

The author says that inasmuch as the theory of functions of a complex 
variable has been developed by thousands of workers through the iast 
hundred years, it would be impossible to give an account of that theory 
in all of its branches within the limits of this book. He attempts to present 
“fundamental principles with sufficient details of proof and discussion to 
avoid the style of a mere summary..... 

Three practically equivalent points of view may be adopted in the 
treatment of the theory of analytic functions of a complex variable. One 
of these, that of Méray-Weierstrass, bases its developments on the pro- 
perties of power series. Another is the Cauchy-Riemann point of view in 
which the functions are required to possess a differential quotient, that is, 
the definition is here made by a descriptive property rather than by a 
constructive process. The development may also be made from considera- 
tions of the curvilinear integral—the Cauchy-Morera point of view. The 
volume under review gives a rather interesting account primarily of the 
Cauchy-Riemann point of view with attention directed occasionally to 
other methodologies. 

A brief survey of the contents of the book is as follows: 

The first chapter gives an historical account of the development of 
the idea of analytic function and calls attention to the usefulness of the 
theory. 

Chapter two deals with complex numbers. In its historical account, in 
its references to a more general number system, and in its general treat- 
ment, it is much more than an elementary exposition. The reviewer would 
like to have seen an even fuller account of the ideas embodied here, having 
in mind the fact that in many cases students and the general reader come 
up to a study of the theory of functions without ever having heard of 
DeMoivre’s theorem and at the same time with very little working equip- 
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ment in complex numbers. In this particular case it seems wiser to include 
this elementary material than to omit it. 

Chapter three considers real functions. It treats the usual elementary 
topics in this field including limits, continuity, derivatives and integrals, 
functions of two variables, double integrals, curvilinear integrals, Green’s 
lemma, integrals independent of the path, and implicit functions. 

Chapter four introduces the Cauchy idea of analytic function as one 
having a derivative. It then discusses necessary and sufficient conditions 
for the existence of a derivative. The chapter ends with the definition of 
the exponential, the trigonometric and the logarithmic functions for com- 
plex values. 

Chapter five, entitled “Applications in Geometry and Physics,” gives 
the usual treatment of conformal representation and shows how the 
Laplace equation enters in the theory of fluid motion. It also indicates the 
connection of the mathematical theory with the flow of heat and logarith- 
mic potential. 

Chapter six defines complex integrals, deduces Cauchy’s integral theo- 
rem and formula with the customary corollaries, and ends by deriving 
Taylor’s theorem with remainder. 

Chapter seven takes up infinite series, both real and complex. The re- 
viewer would like to have seen here a fuller discussion of power series 
together with a clearer presentation of the relation between the Cauchy 
and the Weierstrass points of view. 

Chapter eight deals with singularities of single-valued analytic func- 
tions, proving some important theorems concerning removable and essen- 
tial singularities and the nature of the infinity at a pole. It closes with a 
discussion of definitions of functions in terms of their singularities. 

Chapter nine is entitled “Analytic Continuation. Many-Valued Ana- 
lytic Functions.” Here, among other things, we find a discussion of analytic 
continuation in general and by the method of overlapping circles, mono- 
genic analytic functions, the permanence of functional equations, branches 
and branch points, the monodromic group, and Riemann surfaces. 

At the end of each chapter full and explicit page references to several 
standard treatises in English and one in German are given for additional 
reading on the various topics under discussion. 

Such typographical errors, few in number, as do occur would perhaps 
be evident to the reader. For example, the first two subscripts in equation 
10, p. 127 should be —2, —1. 

The book is attractive in form, binding, and printing, and is an admirable 
introduction to the subject. Its mastery would most certainly induce the 


pleasure of further conquests in this beautiful theory. 
S. E. Rasor 
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LEVI-CIVITA ON TENSOR CALCULUS 


The Absolute Differential Calculus (Calculus of Tensors). By Tullio Levi- 
Civita. Edited by Enrico Persico. Authorized Translation by Miss 
M. Long. London and Glasgow, Blackie & Son. 

When Einstein arrived at his General Relativity Theory he found 
ready for use a mathematical instrument in the form of the absolute differ- 
ential calculus (Bateman had already pointed out its applicability in 
the theory of space-time transformations). This calculus had been 
worked out by Ricci and was not well known outside of Italy. The only 
comprehensive exposition was contained then in a paper prepared for the 
Mathematische Annalen on the invitation of Klein by Ricci and the 
author of the book under review. In the years following the introduction 
of the general relativity, the tensor calculus—as the absolute calculus is 
now often called—has been much perfected, the most notable development 
being the introduction of the idea of parallel displacement due again to 
Levi-Civita, who thus among the living contributed most to the subject. 
In the more than twenty years that passed between the publication of the 
Annalen paper and the Italian edition of the present book (1923) very 
many text books appeared. But although many of them introduce parallel 
displacement, it always appears as a kind of afterthought; a distinctive 
feature of the present book is a certain unity of exposition achieved by 
making parallel displacement the basis of the whole edifice. 

The fundamental idea stated in a schematic form is this: in Levi- 
Civita’s exposition the absolute differential calculus appears as a modified 
form of ordinary differential calculus, the modification consisting mainly 
in that for the second partial derivatives of a function of m variables (and 
also more complicated expressions of that type) certain other differential 
expressions of the second order are substituted; the reason why such a 
modification appears desirable is that the laws according to which the 
second partial derivatives are changed under a general transformation of 
the independent variables are quite complicated and much is to be gained 
by using instead of them other expressions whose laws of transformation 
are simple. Both the idea of using such expressions and the form in which 
they appear is suggested by the theory of surfaces; the original feature of 
the book under review is the following way in which this suggestion is 
carried out. The variables (two, in the first place) are interpreted as para- 
meters specifying the position of a point on a surface; the first derivatives 
of a function are then components of the gradient vector tangent to the 
surface; the second order differential expressions—which are to be used 
instead of the second derivatives—are obtained as quantities characterizing 
the change of the gradient vector as we move from point to point on the 
surface; this involves the comparison of the gradient vector at different 
points of the surface which necessitates the consideration of displacement 
of vectors on the surface. Everybody knows how to move vectors on a 
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plane; it is easy to extend the notion to surfaces which are applicable on 
a plane, that is, developable surfaces; in the case of a general surface, when 
he wants to displace a sector along a curve Levi-Civita displaces it in the 
developable surface which is tangent to the given surface along the curve; 
this is his parallel displacement. He finds an analytic expression for this 
displacement and thus arrives at the required expressions with a simple law 
of transformation; these expressions are called the covariant derivatives. 
The author then abandons geometry without abandoning geometrical 
language and generalises to more than two variables. The difference be- 
tween using geometrical language—and conceptions—in questions of 
analysis and doing geometry is not quite clear to the reviewer but the au- 
thor seems to draw a line between these two things. 

The introduction of covariant differentiation as outlined above occupies 
the center of the original portion of the book—the first 286 pages of the 
English edition; what precedes is largely an introduction. The reader 
who is supposed to know or to believe that there exists a solution of a sys- 
tem of ordinary differential equations is introduced in a very neat way into 
the theory of total and linear partial differential equations. Then tensors 
are introduced as algebraic systems and the fundamental difficulty men- 
tioned above with second partial derivatives is pointed out. A geometric 
chapter follows in which parallel displacement is explained and this ends 
the first part—Introductory Theories. Next comes a formal introduction 
of covariant differentiation and the remainder of the second part is occupied 
by the development of the absolute calculus and includes several interest- 
ing and original features. We may mention the sections on geodesic devia- 
tion in which the contents of the author’s recent paper in the Mathe- 
matische Annalen is reproduced—these sections as well as the discussion 
of the geometry of the curvature tensor in three-space in the same (seventh) 
chapter did not appear in the original Italian edition but this fact is not 
mentioned in the preface. 

The third part—Physical Applications—is also original in the English 
edition: it is devoted to the theory of relativity. Certainly the most no- 
ticeable feature in this part is the careful avoidance of electromagnetism 
which is barely mentioned a few times. This in spite of the fact that as the 
author himself says in the preface “Electromagnetism, in common with 
every other physical phenomenon, now comes within the orbit of General 
Relativity.” The reviewer cannot see that this omission can be justified 
and in his opinion this forms a grave defect in this otherwise wonderful 
book. Of the many reasons which could be adduced to establish this point 
it will be enough to mention only two. The electromagnetic tensor and the 
electromagnetic energy tensor furnish the most natural illustrations and 
application of the tensor calculus which certainly must be of importance 
in a treatment intended in the author’s own words to exhibit the funda- 
mental principles of Einstein’s general relativity theory as an applica- 
tion of the absolute calculus. Then again, the four-dimensional way of 
viewing things grows naturally from the consideration of the fundamental 
equations of electrodynamics without making it necessary to introduce 
into them any modifications, whereas the mechanical equations have to 
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be modified, adapted to the new point of view. It is true that just this 
fact makes perhaps the theory of relativity more important and fruitful 
in the application to mechanics; but both esthetically and didactically it 
is so much more satisfactory to deduce the general principles on the ex- 
ample of electricity and then to apply them to gravitation. 

Aside from that hardly any general criticism can be directed against 
Levi-Civita’s exposition of relativity; it is original, complete (with the 
above exception) and elegant; of the many departures from the usual 
presentation perhaps Palatini’s introduction of centro-symmetric curved 
space deserves to be particularly commended. A surprising fact is that 
Levi-Civita does not use in physical applications the notion of parallel 
displacement which plays such a fundamental role in the theoretical part 
and which could help to unify the exposition further if it were used in the 
discussion of the motion of material particles and of the propagation of 
light. 

Throughout the book the author draws freely on the rich material of 
Italian works which is scarcely used (with few important exceptions) in 
other text-books. The result is an increased elegance of exposition. 

The style is that of theoretical physics. The author comes very close, 
in the opinion of the reviewer, to striking the happy mean between the 
Scilla of the epsilon-delta symbolism and the Charibdis of loose reason- 
ing. A pure mathematician would probably prefer a less careful avoid- 
ance of the Scilla; it sometimes becomes hard to form a clear idea of what 
is being neglected and why, but in view of the character of the material 
treated it is seldom possible to blame the author or to suggest a better 
course. 

G. Y. 


KENT ON FINANCE 


Mathematical Principles of Finance. By Frederick Charles Kent. Second 
Edition. xiii+177 pp. Compound Interest and Annuity Tables. By 
Frederick C. Kent and Maud E. Kent. viii+214 pp. New York, 
McGraw-Hill Book Company, 1927. Bound in one volume. 

The second edition of Professor Kent’s text differs from the first pub- 
lished in 1924 only by the insertion of six pages on interpolation, made 
possible by the abbreviation of the chapter on logarithms, now entitled 
“Interpolation and Logarithms,” together with a few plate corrections 
and changes in the remainder of the book. The problem lists are un- 
changed. 

The text appeals to the reviewer as an average book, neither better 
nor worse than many that have appeared in the same field in the last 
fifteen years. The conventional topics are covered in the conventional 
way. Rather more attention is given to the work of the Federal Farm 
Loan Board than is usual, but there the increase in material is due rather to 
the description of the administrative processes of the Board than to ad- 
ditional mathematical material. 
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The book is intended for college freshmen with only high school mathe- 
matics as a prerequisite. The result is the introduction of an amount of 
detail that seems at times excessive. For the student with a knowledge of 
geometric progressions it would not be necessary each time one is encoun- 
tered to go through the whole process of finding the sum. 

The definition of amortization as “the extinction of an interest bearing 
debt, principal and interest, in a series of equal periodical payments” is 
scarcely warranted either by the etymology of the word or by current usage; 
nor is it adhered to by the author himself when he comes to consider the 
amortization of the premium on a bond. A debt may be amortized by pay- 
ments that are neither equal nor periodical. The definition of the equation 
of value as the relation which gives the value of the unknown quantity 
in a definite problem (expressed in general terms to be sure) is misleading 
to say the least. An equation of value arises wherever sums are accumu- 
lated or discounted to the same date and any definition should be broad 
enough to cover all cases. 

As a piece of writing, the book is not above criticism. It is sometimes 
difficult, when long reductions are made, or when a number of related 
formulas are presented, to tie text and formulas into a good paragraph, 
but it is not impossible. The most flagrant illustrations of failure in this 
respect are found on pages 53 and 54 where, in presenting the problem of 
finding the term of an annuity from the equations for the amount and the 
present value, the author has little regard for the rules of grammar, punctu- 
ation, or sentence structure. A certain amount of neglect of the rules for 
good writing may be permitted in blackboard work that is to be supple- 
mented by oral explanation, but such neglect has no place in the pages of 
a textbook. One may go further and say that the author who writes for 
freshmen is under peculiar obligation to present his material in the best 
possible form. 

The real contribution of the book lies in the fine ten-place tables which 
have been worked out by Professor Kent and his wife since the publication 
of the first edition. The three principal functions of the mathematics of 
finance and their reciprocals are tabulated for thirty-six different rates for 
times to 300 years for rates from } to ? per cent, to 200 years for rates from 
; to 1} per cent, and to 100 years for rates from 13 to 103 per cent. The 
auxiliary functions (1+7)"?, jp»), and i/jip) for the same rates are given for 
p=2, 4, 6,12. The values of (1+7)" are given to fifteen decimal places for 
twelve fractional rates for one-year intervals to 10 years, 10-year intervals 
from 10 to 100 years and for 200 years. A few column sums taken at random 
indicate that the work is reasonably accurate. In one case the column sum 
differed from the computed value by 45 tenth place units but in all other 
cases the agreement was much closer. 

These admirably arranged tables will form a useful addition to existing 
tables, and for their patient work in computing them Professor and Mrs. 
Kent deserve much credit. 

E. B. SKINNER 
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MACROBERT ON HARMONIC FUNCTIONS 


Spherical Harmonics. An elementary treatise on Harmonic Functions. By 
T. M. MacRobert. New York, Dutton, 1928. xii+302 pp. $4.50. 


The subject matter of the book falls naturally into three main divisions. 
The first three chapters deal with Fourier series and applications, Chap- 
ters 4 to 13 are on spherical harmonics and the remainder of the book, 
Chapters 14 to 16, treats of Bessels Functions with applications. As the 
author states in the preface, he limits himself to those parts of the theory 
which can be developed expediently without the use of contour integration. 

Chapter 1, on the theory of Fourier series, is a very careful and lucid 
exposition of the elementary theory. The author derives the expansion in 
Fourier series of the function f(x) subject to the Dirichlet conditions. Here, 
as throughout the book, he is careful to keep before the reader the validity 
of the formulas as actually derived in the text. This is a very welcome 
quality in the book, a quality which is so often lacking in texts designed 
to appeal to the applied mathematician. 

In Chapter 2 the partial differential equation of heat conduction is 
derived, and the theory of the previous chapter used to obtain solutions 
for a number of different bodies and with a variety of initial and boundary 
conditions. 

Chapter 3 is a very interesting presentation of the theory of the vibra- 
tions of a string. The author solves the wave equation for the case of the 
harp, the violin, and the piano and brings out strikingly the variations in 
the results due to the different initial conditions for each of the three instru- 
ments. 

Chapter 4 begins the study of Spherical Harmonics. Legendre and 
Laplace coefficients are introduced and the hypergeometric function is 
studied to some extent. The author departs momentarily from his usually 
clear style near the bottom of page 79 where the Beta function suddenly 
appears without explanation. 

In Chapter 5 the Legendre Polynomials are studied in considerable 
detail and in Chapter 6 the Legendre functions of the first and second kind 
are introduced. 

In Chapter 7 the solutions of Legendre’s associated equation are in- 
vestigated quite fully. The Zonal, Tesseral, and Sectorial Harmonics are 
presented and the expression of a surface spherical harmonic in terms of 
them obtained. 

Chapter 8 begins the application of the theory of the preceding four 
chapters to mathematical physics. Chapters 8 and 9 contain the proofs 
of some of the fundamental theorems of potential theory and expressions 
for the potentials of various bodies, particularly of spheres, spherical shells 
and spheroids. The second boundary problem for the sphere is also solved 
in terms of spherical harmonics. 
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Chapter 10 begins the application of spherical harmonics to electro- 
statics. The expressions for the surface distributions and potentials for 
spheres, spherical shells and spheroids are obtained. 

In Chapter 11 elliptic coordinates are used to obtain expressions for 
the potentials and surface distributions of ellipsoids of revolution; and in 
Chapter 12 the corresponding problem for eccentric spheres is handled by 
means of bipolar coordinates. 

Chapter 13 is devoted to a brief account of Maxwell's theory of spheri- 
cal harmonics. 

In Chapter 14 the expressions for the Bessel functions of the first and 
second kind are derived and the fundamental properties and formulas 
involving these are proved. 

Chapter 15 is concerned with the modified Bessel functions and asymp- 
totic expansions. The chapter also contains a very lucid account of the 
zeroes of Bessel functions. Fourier-Bessel expansions are discussed very 
briefly. 

Chapter 16 concludes the book with the application of Bessel functions 
to the vibration of a circular membrane and to the flow of heat in a circular 
cylinder and in a sphere. 

Very few misprints were found, all of such an obvious nature that it 
seems useless to list them. It may be worth mentioning, however, that 
the first line on page 164 should be the last line. 

The theory is well illustrated by worked examples in the text and most 
of the chapter have at the end a good list of exercises. In a number of 
instances throughout the book the reviewer would have liked to see the 
general term of an infinite series derived rather than merely the first three 
or four terms,but nevertheless the author has handled a subject containing 
mass of detail In a very clear and skillful manner. The book should 
appeal strongly to the applied mathematician and to the mathematical 
physicist. They will find here a scholarly treatment of the type of problems 
arising in a great many branches of theoretical physics and the tools 
whereby such problems may be attacked. 

The one fault which the reviewer finds with the book is the almost en- 
tire lack of references. Except for the mention of four treatises in the pre- 
face and a few historical references in the text no explicit reference is made 
to the literature of which the book treats. The literature is of course so 
vast that an exhaustive bibliography would be impracticable in a text of 
this nature. However, the material of the text is capable of a great deal of 
amplification in so many directions that a few well chosen references would, 
the reviewer feels, increase its usefulness both to the student of pure 
mathematics and to the one interested mainly in the applications. 


G. E. RAYNOR 
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HADAMARD’S COURS D’ANALYSE 


Cours d’Analyse. By J. Hadamard. Volume I. Paris, J. Hermann, 1925, 
1927. xxxii+624 pp. 


The title Cours d’ Analyse calls to mind a long array of prominent names, 
Jordan, Picard, Goursat, de la Vallée-Poussin, whose books on this subject 
have long been standard works of reference and sources of inspiration. 
The name of Hadamard joined to “Cours d’Analyse” would lead one to 
expect something in the same category, a treatment of some standard 
subjects, but with some decidedly interesting additional original contri- 
butions. If one brings such expectations to the volume under consideration, 
one is doomed to disappointment. Hadamard is careful to warn the reader 
in the introduction that he does not contemplate the type of product which 
his predecessors have made famous, by including topics and developments 
not considered in lectures, but to limit himself to the material which he 
has been presenting in the course in analysis at the Ecole Polytechnique. 
As a consequence, the first volume of this work is much of the character of 
an advanced calculus with a development of the fundamentals of differ- 
ential geometry thrown in for good measure. 

After an introduction devoted mainly to a brief resumé of the 
essentials of infinite series and indefinite integration, there are two sections 
on what might be termed additional material in differentiation and integra- 
tion. The former includes such topics as differentials of functions of more 
than one variable, functional determinants, change of variables (with 
material on contact transformations) and maxima and minima, especially 
of functions of two variables. The latter includes in addition to the Rie- 
mann integral, reference to the Stieltjes integral, elliptic integrals, material 
on definite integrals with some emphasis on the approximate calculation 
of the latter by different methods and comparison of these methods as 
regards accuracy, improper integrals and multiple integrals as well as 
continuity properties of these. 

The application of integrals is limited mainly to a discussion of 


2 
dx, 
0 


and its relatives, and the Euler integrals, together with an elegant intro- 
duction to the theory of Fourier series. The applications of differentiation 
are in the field of differential geometry, beginning with a consideration 
of orders of contact and obtaining the principal results with respect to 
space curves and surfaces, including the applicability of surfaces on each 
other. 

Naturally, there is a chapter devoted to the fundamental formulas of 
mathematical physics, called by Hadamard the formulas of Ostrogradsky, 
Riemann, and Green, respectively, to which is joined a brief introduction 
to vector analysis in three space, in which a forward look into higher dimen- 
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sional vector analysis plays a role. The latter chapter closes with a tabular 
comparison of the notations in common vogue by different schools of vector 
analysis. It would be helpful if vector analysts and mathematical physicists 
could agree on the names of operators and formulas. 

The concluding section of the volume is concerned with differential 
equations, and gives the elementary results in the subject relating to 
differential equations of the first order, and of special types of higher order, 
with main emphasis on linear differential equations with constant coeff- 
cients and systems of such. 

The volume closes with notes on (a) comparison of the Euler-Maclaurin 
and trapezoid formulas for computing definite integrals and a suggestion 
of a combination giving in some cases a better approximation than either, 
(b) summation by means as applied to Fourier series, leading naturally to 
(c) the Weierstrass Theorem on approximation to continuous functions by 
polynomials; and (d) a brief introduction to affine vectorial geometry. 
There is appended an incomplete table of errata. 

As outstanding features of the book might be mentioned the introduc- 
tion and treatment of the Stieltjes integrals on a par with the Riemann 
integral; further, the derivation of some of the characterizing magnitudes 
of space curves and surfaces by the use of kinematic considerations, making 
these seem perhaps more natural to a student preparing for a technical 
career. He bows to the modern trend, especially where technical students 
are concerned, in devoting considerable attention to approximation theo- 
rems and calculations. 

The presentation of the material is lucidly and interestingly done, 
remarks and subremarks being frequently added in the hope of adding 
further points of interest to the main material. In matters of rigorous 
treatment, involving so-called e, 6 considerations and existence theorems, 
he prefers to pass over the finer points and refer to consideration of these 
in the next volume, so as not to divert the attention too much from the 
material expounded,—a method in common practice and perhaps justifiable 
on pedagogical grounds. As a careful and clear exposition of topics in ad- 
vanced calculus this volume is worthy of a high place, but it is not at all 
remarkable in presenting material in a novel way, or being revolutionary 
in its point of view. 

T. H. HILDEBRANDT 
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Collected Papers of Srinivasa R yjan, edited by G. H. Hardy, P. V. 
Seshu Aiyar and B. M. Wilson. Cambridge University Press, 1927. 
xxxvi+355 pp. 

Ramanujan’s great and extremely individual work is now too well 
known to all who specialize in the theory of numbers to require detailed 
comment by any reviewer. The editors of his works have reprinted thirty- 
seven of his papers, each one of which merits the closest attention by stu- 
dents of algebra, the theory of numbers, and analysis. In addition they 
have added two extremely helpful appendices, the first consisting of notes 
on the papers, the second of further extracts from Ramanujan’s letters 
to G. H. Hardy. Ramanujan’s brilliant and tragic career is feelingly por- 
trayed in the introduction. Without doubt, he was one of the few great 
mathematicians who have had a superlative genius for numbers, and it is 
indeed a tragedy that he, like Eisenstein, had to leave the world so early. 

To attempt a detailed review of any of these great papers would be 
impertinent. We may glance, however, at one or two human problems 
raised by the general color of Ramanujan’s brilliant work. The first of 
these concerns editors of mathematical journals. To the reviewer it is 
incredible that certain of these papers would have been accepted for publi- 
cation in at least one of our American periodicals, and the like holds for 
more than one European journal. It is easy to deny this after Ramanujan’s 
genius has been accepted and established. Yet on these same doubtful 
papers the stamp of genius is flamingly apparent to all who are not blighted 
by the rot of academic rigor. What does it matter, some may say, that many 
of his most original ideas are not backed by anything that even faintly 
resembles proof, when these same ideas of Ramanujan have already ini- 
tiated what our successors may perhaps look back on as the first golden 
age of the analytic theory of numbers? The critical reader will recognize 
the justice of these remarks on a careful study of those papers designated 
by Professor Hardy as Ramanujan’s greatest. To these may be added 
number 20, On the expression of a number in the form ax*+-by?+-c2?+-du?. 
If this be sifted to the bottom, it will be found that little, if anything, is 
proved. The defects, of course, have since been supplied by later writers. 
Still, if proof means anything in mathematics, it should surely mean some- 
thing in the theory of numbers above all other branches. 

A second observation is this. The one theorem, or formula, selected 
by Major MacMahon as the most beautiful in all of Ramanujan’s work, 
is indeed a thing of beauty. But, as recognized by the editors, this, and 
many more of equal elegance, are already implicit in the neglected papers 
of Professor L. J. Rogers. This assertion is not meant to detract in any 
way from the brilliancy of Ramanujan’s totally independent rediscovery 
of a beautiful theorem. It is meant to direct the attention of young mathe- 
maticians to much formal, unfashionable, and unadvertised work on the 
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algebraic side of the theory of numbers which has been overlooked. Without 
the great publicity which Ramanujan’s work has given to these neglected 
researches, it is doubtful whether they would have survived oblivion. The 
conclusion of the whole matter is this: the man who is capable of reading 
will neglect the official and perfunctory abstracts of work that are ground 
out yearly in the reviews, and glance through the papers as printed in the 
journals themselves. 

Ramanujan has been likened to Jacobi. To the reviewer he seems also 
to be akin to Eisenstein, Hermite in his earlier work, and to Galois, for 
the boldness of his thought. Whatever may be the ultimate estimate, it 
seems reasonable to predict that Ramanujan will be placed high among 
creative mathematicians. Above all he was an algorist and an arithmetician 
of the first rank. The brilliance of his papers of the later period, written 
under the influence of the English school, which is today transforming the 
analytic theory of numbers, give us a just measure of our loss in the death 
of a man at the age of thirty-two who might also have been one of the 
world’s great analysts. 

E. T. BELL 


Encyklopédie der mathematischen Wissenschaften. Volume III. Part 3. 
Leipzig, Teubner, 1902-1927. 


Of the ten articles which compose this volume of more than 800 pages, 
mostly devoted to differential geometry, some were first published as early 
as 1902, some as late as 1927. Asa result there is a certain inhomogeneity; 
it is probable that the earlier parts which cover the classical theory of 
curves and surfaces and which occupy about one half of the volume already 
have rendered the greater part of the services as a reference book of which 
they were capable and a more up to date reference book reflecting the ad- 
vances made in the eventful last quarter of century seems desirable. 
Fortunately, the articles by Weitzenboeck and Berwald in which differ- 
ential geometry of nm dimensions is covered—a field that has received a 
great deal of attention lately, partly under the influence of the theory of 
relativity—bring the literature up to 1923. Differential geometries under 
groups other than the metric also are dealt with in these two articles. The 
references are very complete; if there are omissions they probably occur 
only in cases of dissertations which did not appear in a periodical (I no- 
ticed one such case). These two articles are of inestimable value to one 
who works in the field. 

In addition to the articles mentioned, there is a comparatively recent 
article on triple orthogonal! families (Salkowski) and two articles by Lieb- 
mann (dated October 1914) which are but loosely connected with differ- 
ential geometry proper. One is devoted to contact transformations and 
the other to the geometrical theory of differential equations; what is meant 
here is the line of attack on differential equations by means of analysis situs 
considerations started by Poincaré. 

G. Y. RAINICH 


| 
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Differential Geometry of Three Dimensions. By C. E. Weatherburn. Cam- 
bridge, University Press, 1927. xii+268 pp. 

“The objects of the present volume are to provide an introductory 
treatise on (metric) differential geometry, and to show how vector methods 
may be employed to advantage.” 

The author shows excellent judgement in the way he goes about se- 
curing these two ends. He chooses his geometrical material well, and, in 
adopting Gibbs’s notation for his vector treatment, he is undoubtedly in 
accord with the current preference. 

The book begins with a treatment of space curves, and the curves and 
developable surfaces associated with a space curve. It passes on to the 
theory of surfaces, taking up the important classes of curves on an arbi- 
trary surface and investigating certain special types of surfaces, and closes 
with treatments of congruences and triply orthogonal systems of surfaces. 

This, at least, was the content of the book as originally planned by the 
author. After the manuscript went to press, he added two chapters dealing 
primarily with differential invariants and their applications. In the pre- 
vious chapters he employs merely vector algebra. Here he introduces a 
vectorial differential operator VV for a surface analogous to the usual V7 
for the plane. By skillful use of it he succeeds in generalizing for a surface 
the classical differential and integral calculus of vectors and obtains from 
his generalizations a number of interesting and striking geometrical results. 

When a specialist in vector analysis turns his attention to geometry, it 
is too often the result that the geometry becomes merely a foil for the ag- 
grandizement of the vector analysis. The present writer treats geometry 
more kindly. He keeps it clearly in mind as the first of the two objects he 
set out to achieve and does exceedingly well by it. 

The author’s geometric insight is keen, clever, and instructive. But 
at times he is found offering, as rigorous proofs, intuitive geometric argu- 
ments which, though enlightening and to the point in their proper place, 
are lacking in substance. We quote, for example, his proof that a develop- 
able surface may be applied to a plane: “since consecutive generators are 
coplanar, the plane containing the first and second of the family of genera- 
tors may be turned about the second till it coincides with the plane con- 
taining the second and third; then this common plane may be turned about 
the third till it coincides with the plane contain‘ng the third and the fourth; 
and so on. In this way the whole surface may be developed into a plane.” 
The author is here led astray by the inaccurate use of the words which 
have been italicized. He is not again so completely betrayed by the lan- 
guage of little zeros. The reviewer is glad to say that this is an extreme case. 
Is it not, however, deserving of consideration by those of us who are temp- 
ted at times, either in the classroom or in writing for the printed page, to 
employ for the sake of brevity or convenience inaccurate or approximate 
terminology? 

The author likes unusual terms and seems to enjoy devising new names 
and changing old ones. “Synclastic and anticlastic” surfaces for surfaces 
of positive and negative curvature respectively, and “specific curvature” 
instead of Gaussian curvature, are some examples. A little of this may be 
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all very well, but when the author goes so far as to propose that the Gaus- 
sian curvature be subjected to the ignominy of the name “second curva- 
ture,” surely it is time to call a halt. 

An able presentation of the elements of the subject by vector methods, 
a clearly written text with an abundance of good exercises, this book should 
prove a welcome addition to the literature in differential geometry. 


W. C. GRAUSTEIN 


Figures d’ Equilibre et Cosmogonie. Mémorial des Sciences Mathématiques, 
No. XIII. By Alex. Véronnet. Paris, Gauthier-Villars, 1926. 62 pp. 


One of the greatest problems of celestial mechanics has been that of 
determining figures of equilibrium of rotating fluid bodies. Its application 
to the theory of evolution of planets, stars, and stellar systems, has given 
it perpetual interest. Its difficulties have long baffled mathematicians. 
The author gives in the present little book a brief yet fairly comprehensive 
account of the progress that has been made towards solving those diffi- 
culties, from the times of Maclaurin, Clairaut, Laplace and Jacobi, to 
the more recent successes of Darwin, Poincaré and a number of living 
mathematicians, amongst whom Véronnet holds a prominent place. 

The first chapter gives a resumé of studies of figures of equilibrium for 
the case of a homogeneous fluid; included are the results concerning the 
stability of those figures. The second chapter is devoted to heterogeneous 
bodies and the figures of the planets. Chapter three is concerned with a 
body having an atmosphere, the Laplacian nebular hypothesis, the figures 
of comets, and Saturn’s rings. The fourth chapter takes up the dynamical 
equilibrium of stellar systems, and theories of cosmogony. The final 
chapter considers the thermodynamical equilibrium of the universe and 
its evolution. 

At the end of the monograph there is a six-page bibliography of books 
and memoirs appertaining to the field covered. While this bibliography 
is far from exhaustive, it is sufficient to indicate most of the principal 
sources for a study of the famous problem. One might wish that reference 
had been made to more of MacMillan’s recent papers. 

E. J. MouLton 


Geoddsie (Landesmessung und Erdmessung). By Gustav Forster. Samm- 
lung Géschen. Berlin, de Gruyter, 1927. 122 pp. 


This small volume gives a popular account of the purpose, scope, 
mathematical foundation, and technique of surveying and of higher 
geodesy. Although technical calculations for problems of moderate diffi- 
culty are included, the actual mathematical content of the book is small. 
In the reviewer’s judgement the informal but clear definitions, the technical 
descriptions of procedure, and in particular the explanations of the brief 
periodic deformations of the earth will be attractive reading particularly 
for mathematicians whose professional interest in geodesy is slight. 


B. H. Brown 


— 
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Die gewéhnlichen und partiellen Differenzengleichungen der Baustatik. By 

F. Bleich and E. Melan. Berlin, Springer, 1927. vii+350 pp. 

Linear difference equations made their first appearance in the statics 
of framed structures with Clapeyron’s discovery of the relation between 
the bending moments at three consecutive supports of a continuous beam. 
More complicated types appear in connection with framed girders, and in 
recent years, even linear partial difference equations have become of im- 
portance for calculating the stresses in the lattice arrangement of columns 
and beams in buildings. The present book, which contains a number of 
original investigations by the authors, gives a very clear and readable 
presentation of the entire subject, profusely illustrated by diagrams, nu- 
merical examples and tables. 

The further development of the questions treated in the fourth section 
should provide a number of interesting problems to the mathematician. 

The contents of the book is the following: the first section gives the 
elementary properties of differences and sums, including the Euler sum- 
mation formula. Section 2 deals with linear difference equations and the 
boundary and expansion problems which are the exact counterpart of the 
well known problems in differential equations. Special attention is given 
to equations with constant and linear coefficients, the latter case being 
solved by a Laplace transformation. Section 3 contains various applica- 
tions to stress calculations and stability problems, and Section 4 deals with 
corresponding questions in partial difference equations. 

T. H. GRoNWALL 


New Methods in Geometrical Optics. By C. S. Hastings. New York, Mac- 
millan, 1927. 103+vi pp. 

In the opening chapter of this volume the author develops the general 
equations in first-order theory of centered optical systems in terms of in- 
cident and emergent wave surfaces, surface curvatures, and wave-velocities, 
in place of the quantities usually used. It is claimed that this method leads 
to simpler forms for the derivatives of the general equations, in terms of 
which the aberrations are to be expressed. In the chapters that follow there 
are examples of the application of these equations to the theory of the 
telescope and of the microscope, and to certain specific problems in the 
designing of optical systems. 

The discussion of chromatic aberration is interesting in that a number 
of special types of color adjustment, not usually specifically treated, are 
discussed. Here one finds terms such as “orthokumatic,” “ioskumatic,” 
“iosdynamic,” each with a well defined meaning. Spherical aberration 
and the errors of oblique pencils are discussed rather briefly, and the book 
closes with an appendix in which is found some interesting material on 
mirages. Most of the illustrative material has apparently been drawn 
from the author’s experience as technical advisor to makers of astronomi- 
cal instruments, and the volume contains some well taken criticisms of 
some past practices in this particular field of instrument making. 

G. W. MorFitt 
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Questions d'Arithmétique, by B. Niewenglowski. Paris, Librairie Vuibert, 

1927. viiit+225 pp. 

This is an entirely elementary book on the rudiments of the theory of 
numbers, in which induction and proof are agreeably mixed to bring out 
the spirit of the arithmetical approach. It is difficult, however, to see for 
what class of readers the work is intended. From an American point of 
view it is too elementary and insufficiently scientific to be of interest to 
even first-year college students. It is of about the grade that would stimu- 
late an intelligent high school senior with a taste for abstract mathematics. 

It is unnecessary to go into detail on the contents of the book. Chapter 
I is devoted to curiosities; Chapter VIII to the theorems of Fermat and 
Wilson, including the elements of the theory of quadratic residues and the 
law of reciprocity; Chapter IX, the last in the book, gives numerous in- 
structive numerical examples on the Pellian equation. The treatment 
throughout is more like what one would expect to find in a book of mathe- 
matical curiosities than that appropriate to a serious treatise on the theory 
of numbers. Nevertheless the book is highly interesting, with many fresh 
touches, and one that is likely to stimulate young readers. Misprints 
are frequent, but not serious to fairly sophisticated readers. Some of them 
might bother the beginners for whom the book seems to be written. 


E. T. BELL 


Vorlesungen tiber Héhere Geometrie. By Felix Klein. Third Edition. (Die 
Grundlehren der mathematischen Wissenschaften in Einzeldarstellung- 
en, Band XXII.) Berlin, Julius Springer, 1926. viii+405 pp. 
Among the many courses of lectures by Klein that began to appear over 

forty years ago in “autographic” editions none has been more stimulating 

than that on Higher Geometry which first appeared in 1893. It was based 
on the ideas developed in his famous Erlanger Program of 1872 entitled 

Vergleichende Betrachtungen iiber neuere geometrische Forschungen, in which 

he established the group of transformations as the fundamental principle 

of classification in geometry. The course of lectures on Higher Geometry 
exhibited the whole of geometry from the group-theoretic point of view. 

The original edition consisted of two volumes. The book now under 
review contains what is virtually a reprint of the first of these volumes, 
Professor W. Blaschke acting as editor. The mathematical public will hail 
this new edition, not only because in printed form it is much easier to read, 
but also because the former editions are difficult to obtain. It is one of the 
classics of our mathematical literature and should be permanently avail- 
able. 

The second volume of the original edition was devoted to Lie’s theory of 
groups of transformations. In view of more recent developments a new 
edition of this second volume would have required extensive revision and 
rewriting. Professor Blaschke has, therefore, omitted it entirely from the 
new edition. In place of it, he has added one hundred pages of entirely 
new material, giving in five chapters some of the more recent developments 
in higher geometry. These last five chapters are especially interesting and 
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stimulating. The first of these, by Professor Blaschke, gives an account 
of Study’s line geometry. Professor Radon contributes the second of these 
chapters which is devoted to a discussion of the author’s mechanical deriva- 
tion of Levi-Civita’s parallel displacement. The third chapter, apparently 
a joint product of Professors Blaschke and Artin, is devoted to analysis 
situs. It is of special interest to American readers in that it repro- 
duces Alexander’s elegant proof of the deformation theorem of Tietze. 
Professor Radon contributes also the fourth of these chapters which is 
devoted to a variety of geometric interpretations in the theory of partial 
differential equations and the calculus of variations. The last of these 
chapters furnishes a geometric treatment of the theory of elementary 
divisors. Each of these chapters is enriched by an adequate bibliography 
of the subjects under discussion. It is to be hoped that some of our younger 
devotees will receive inspiration from this work, with a view to bringing 
geometry back to the front of the stage, from which it has been temporarily 
crowded by the recent advances in analysis. 
J. W. YounG 


The Evolution of Scientific Thought from Newton to Einstein, by A. d’Abro. 
New York, Boni and Liveright, 1927. 544 pp. 


Explaining scientific theories to people with small knowledge ot the 
technique used by the original developers is the cause of much difficulty in 
modern thinking. This book is an attempt to present the development of 
space-time in a manner understandable to a person unfamiliar with the 
mathematical tools used by the physicists in the new theories. 

The author uses the only possible method—that of first acquainting the 
reader with the foundations of the mathematical and physical problems to 
be discussed. We find in Chapters I-V and VII an excellent sketch of the 
non-euclidean geometries particularly from Riemann’s point of view. In 
Chapters VI and VIII—-XII the physical questions of time, classical rela- 
tivity and electromagnetics are dealt with. 

We are surprised at the amount of insight it is possible to give without 
the use of mathematical manipulation. Having wondered how much a 
student of first year calculus (which is, after all, about as much mathema- 
tics as the average layman has in his background, if not more) would make 
out of such a treatment, we tried Chapter VII on one of our students. This 
chapter introduces the idea of the curvature of space. To our surprise, 
the idea was grasped rather well from the author’s explanation. 

The next section (Chapters XIII—X XII) consists of a most accurate and 
altogether excellent account of the restricted theory of relativity. One of 
the most interesting chapters is the one devoted to paradoxes (XXII). 

Part three deals with the general theory. As the task is much more diffi- 
cult here, in view of the extremely complicated mathematics, it is much 
more to the author’s credit that he accomplishes such a fine presentation. 
The difficulties of discussing tensor equations when your reader has no 
knowledge of how they are arrived at, seem, at first, insuperable, but the 
author succeeds in showing the meaning of the law of gravitation and in 
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discussing the questions of the finiteness of the universe. As the author 
admits, action and conservation are almost impossible subjects to treat 
rigorously without mathematics, but even here he does well. 

The fourth part of the book is more critical, discussing the methodology 
of science and the general significance of the relativity theory. Many 
philosophers will disagree with the indictment of lay philosophers (pp. 
374-5) but, being on the scientific side, we feel, as d’Abro does, that the 
lack of deep insight which comes only from a thorough understanding of 
the workings of a theory will prevent such people from making many 
valuable contributions to the underlying principles of it. In other words, 
the study of this book is not sufficient preparation for a man who wishes 
to get upa theory of space-time. The author says “The sole réle that a semi- 
popular book can hope to perform is to serve as a general introduction.” 
This the book does and does it excellently. It is to be hoped that other 
branches of modern science may find as capable and accurate popularizers as 
the relativity theory has found in d’Abro. 

In matters of printing the book is excellent and the only error we have 
detected is in the next to last and last line on page 93, where 1/R,? should 
be put in place of 1/R2, and 1/R? in place of 1/R. 

T. C. BENTON 


Formiles Stokiennes. By A. Buhl. (Mémorial des Sciences Mathéma- 
tiques, Fasc. xvi.) Paris, Gauthier-Villars, 1926. 60 pp. 

This tract is concerned with establishing formal connections between 
the integrands in the generalized Stokes’ formulas and the expressions 
which occur in various differential equations in geometry and physics, 
notably the electromagnetic and gravitational field equations. In the 
opinion of the reviewer, these formal connections are too vague and arbi- 
trary to be of great advantage in dealing with the differential equations 
in question. 

T. H. GRONWALL 


| 
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NOTES 


In addition to those on the editorial staff of the Bulletin, the following 
persons have assisted the editors, either by refereeing papers or by advising 
concerning papers offered for publication in the present volume: Professors 
E. T. Bell, B. A. Bernstein, Daniel Buchanan, R. D. Carmichael, E. W. 
Chittenden, L. E. Dickson, Arnold Dresden, Arnold Emch, H. J. Ettlinger, 
W. C. Graustein, T. R. Hollcroft, Louis Ingold, Dunham Jackson, J. R. 
Kline, E. P. Lane, C. H. Langford, Mayme I. Logsdon, C. N. Moore, 
R. L. Moore, F. D. Murnaghan, G. Y. Rainich, Arthur Ranum, Virgil 
Snyder, E. B. Stouffer, J. M. Thomas, R. L. Wilder, W. A. Wilson, R. M. 
Winger. The editors desire publicly to recognize this service. 


The Annual Meeting of the Society will be held in New York City, 
in conjunction with meetings of the Mathematical Association of America 
and the American Association for the Advancement of Science, on De- 
cember 27-31, 1928. On Friday morning, December 28, the Bécher Prize 
will be awarded, and Professor W. F. Osgood will speak on the life and work 
of Bécher. On Friday afternoon, at the usual joint session with other 
organizations, Professor Dunham Jackson will deliver his retiring address 
as vice-president of Section A of the A. A. A.S; and Professor J. L. Coolidge, 


entitled The heroic age in geometry. Later on Friday afternoon, the sixth 
Josiah Willard Gibbs Lecture will be given by Professor G. H. Hardy of 
the University of Oxford, on the topic Am introduction to the theory of 
numbers. The meetings on Monday, December 31, will consist of a sym- 
posium on Wave mechanics, in joint session with the American Physical 


Society. 


A regular meeting of the Society will be held at the University of 
Cincinnati on Friday and Saturday, November 30—-December 1, 1928. 
This is the first fall meeting under the new program of three Western meet- 
ings a year. The arrangements are in charge of a special committee con- 
sisting of Professor C. N. Moore (chairman), Henry Blumberg, P. P. Boyd, 
Louis Brand, H. T. Davis, and M. H. Ingraham. At the invitation of this 
Committee, Professor G. D. Birkhoff will speak on The mathematical bases 
of art; Professor E. R. Hedrick will speak on Recent developments in the theory 
of non-analytic functions of a complex variable; and Professor Archibald 
Henderson wil! deliver an address. In the interval between this meeting 
and the Annual Meeting in New York, Professor Hedrick will be on leave 
of absence, and will visit and speak at several institutions. 


The July, 1928, number of the Annals of Mathematics (series 2, volume 
29, No. 3) contains the following papers On Rayleigh’s principle in the 
theory of differential equations of mathematical physics and on Euler's method 
in calculus of variations, by N. Bogoliouboff and N. Kryloff; On various 


at the joint invitation of the A. M.S. and the M. A. A., will present a paper 


792 NOTES [Nov.-Dec., 


conceptions of correlation, by F. M. Weida; Kernels of positive type, by C. 
Seely; The Tschirnhaus transformation, by R. Garver; On the factoring of 
Fredholm minors, by H. T. Davis; A set of necessary and sufficient conditions 
for the Cesdro summability of double series, by G. M. Merriman; Certain 
configurations on cubics, by F. C. Ogg; On four mutually orthogonal circles, 
by N. Altshiller-Court; A general theorem on the expression of a determinant 
in terms of its sub-determinants, by W. M. Flexner; Quadratic fields in which 
cyclotomic polynomials are reducible, by L. Weisner; On irreducible cuts of 
the plane between two points, by W. A. Wilson; Collineations of projectively 
related affine connections, by M.S. Knebelman; The discriminant of the m-ary 
quadratic in the Galois fields of order 2", by A. D. Campbell. 


The International Mathematical Congress which met at Bologna during 
the first ten days of September, was concluded by a meeting held at the 
Palazzo Vecchio in Florence. This was made the occasion for a celebration 
and pageant, participated in by trumpeters, soldiers, and heralds in ancient 
costumes. Greetings were exchanged between the meeting of the Congress 
and the meeting of this Society at Amherst. A report of the Congress will 
appear in a later issue of this Bulletin. 


The Deutsche Mathematiker-Vereinigung held its annual meeting in 
Hamburg on September 16-23, 1928. 


At the third general assembly of the International Astronomical 
Union, held at Leiden, July 5-13, 1928, under the presidency of Professor 
W. de Sitter, the following officers were elected: Sir Frank Dyson, presi- 
dent; Dr. Frank Schlesinger, Professor H. Andoyer, Dr. G. Abetti, Pro- 
fessor N. E. Nérlund, and Professor F. Nu&l, vice-presidents. The next 
congress will be held in the United States. 


The New Zealand Institute has awarded its Hector medal and prize 
for 1928 to Professor D. M. Y. Sommerville, of Victoria University College, 
Wellington, for his mathematical work as a whole and for his investigations 
in non-euclidean geometry. 


The Royal Academy of Belgium has awarded its De Potter prize in 
mathematics for the period 1925-27 to Maurice Lecat, for his work entitled 
Coup d’eil sur la théorie des déterminants dans son état actuel. 


Dr. Max Planck, professor of physics at the University of Berlin, cele- 
brated his seventieth birthday April 23, 1928. To commemorate this oc- 
casion his friends and colleagues have founded a gold medal to be awarded 
for distinguished work in theoretical physics. 


Professor T. von K4rmdn, of the Aerodynamical Institute of the 
Aachen Technical School, has been elected a foreign member of the Turin 
Academy of Sciences. 


The University of Edinburgh has conferred the honorary degree of 
doctor of laws on Professor Niels Bohr, of Copenhagen. 


Professor G. H. Hardy, of Oxford, has been elected a foreign member 
of the Géttingen Society of Sciences. 


— 
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Dr. E. A. Miller, professor of applied mathematics at the University 
of Manchester, has been elected the first Rouse Ball professor of mathe- 
matics at the University of Oxford. 


Mr. H. P. Mullholland, of Queen’s College, Cambridge, has been ap- 
pointed lecturer in mathematics at the University of Newcastle-on-Tyne. 


Professor H. S. Carslaw, of Sydney, Australia, has been elected to a 
Supernumerary Fellowship at Emmanuel College, Cambridge, of which he 
was formerly a Fellow, and he proposes to spend the whole of next year in 
residence there, while on leave of absence from the University of Sydney. 


At its commencement exercises in June, Dartmouth College conferred 
the honorary degree of doctor of science on Professor Charles N. Haskins 
of the department of mathematics. This was an expression of appreciation 
for his work in connection with the building of the new Baker Memorial 
Library dedicated at that time. 


Dr. H. A. Bender, of the University of Illinois, has been appointed 
assistant professor of mathematics at the Municipal University of Akron. 


Associated Professor C. C. Bramble has been promoted to a professor- 
ship of mathematics in the postgraduate school of the United States Naval 
Academy. 


Associate Professor G. R. Clements, of the United States Naval 
Academy, has been promoted to a professorship of mathematics. 


Dr. N. B. Conkwright, of the University of Iowa, has been promoted to 
the rank of associate in mathematics. 


Dr. A. H. Copeland has been appointed assistant professor of mathe- 
matics at the University of Buffalo. 


Associate Professor Alexander Dillingham has been promoted to a 
professorship at the United States Naval Academy. 


Professor J. C. Fitterer has been appointed associate professor of 
mathematics at the Colorado School of Mines. 


Dr. Orrin Frink has been appointed assistant professor of mathematics 
at Pennsylvania State College. 


Dr. H. C. Hicks has been appointed assistant professor of mathematics 
at the University of Oregon. 


Associate Professor B. V. Hill, of Phillips University, Enid, Oklahoma, 
has been promoted to a professorship of mathematics. 


Assistant Professor R. A. Johnson of Hunter College of the City 
of New York, has been promoted to an associate professorship of mathe- 
matics. 


The Reverend E. C. Phillips, director of the Astronomical Observatory 


of Georgetown University, has been appointed to the office of Provincial 
of the Jesuit province of Maryland-New York. 
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Assistant Professor J. B. Rosenbach, of the Carnegie Institute of 
Technology, has been promoted to an associate professorship of mathe- 
matics. 


Dr. S. A. Schelkunoff, of the State College of Washington, has been 
promoted to an assistant professorship of mathematics. 


Dr. L. S. Shively, of Mount Morris College, has been appointed as- 
sociate professor of mathematics at Ball Teachers College, Muncie, Indi- 
ana. 


Dr. H. W. Stager has been appointed head of the department of 
mathematics at Salinas Junior College. 


Dr. J. M. Stetson has been appointed professor of mathematics at the 
College of William and Mary. 


Professor Evan Thomas, of the University of Vermont, has retired. 


Dr. J. H. Van Vleck has been appointed professor of theoreticai physics 
at the University of Wisconsin. 


Assistant Professor W. J. Webber, of the University of Toronto, has 
been promoted to an associate professorship of mathematics. 


Associate Professor Mary E. Wells, of Vassar College, has been pro- 
moted to a professorship of mathematics. 


Associate Professor C. H. Yeaton, of Oberlin College, has been promoted 
to a full professorship of mathematics. 


The following appointments to instructorships are announced: 
Brown University, Mr. H. S. Thurston; 

Hunter College, Dr. Marguerite D. Darkow, Dr. Rosa L. Jackson; 
Milton College, Miss Fannie Hopkins; 


United States Naval Academy, Messrs. F. J. Baier, J. R. Bland, 
W. F. Kern, G. A. Lyle, H. C. Stotz, H. J. Winslow; 
Wittenberg College, Mr. G. S. Harris. 


Professor F. S. Carey, retired, of the University of Liverpool, died 
July 26, 1928, at the age of sixty-eight. 


Mr. Frank Castle, lecturer in practical mathematics at the Municipal 
Technical Institute, Eastbourne, author of text books on practical mathe- 
matics, died August 4, 1928, at the age of seventy-one. 


Professor W. J. King, of the United States Naval Academy, died Janu- 
ary 15, 1928. 
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NEW PUBLICATIONS 


PART I. PURE MATHEMATICS 


von BaRAVALLE -(H.). Zur Padagogik der Physik und Mathematik. 
Stuttgart, Waldorf-Spielzeug und Verlag, 1928. 76 pp. 

Barnett (I. A.). Analytic geometry. 2d edition. New York, Wiley, 1928. 
12+345 pp. 

BATCHELDER (P. M.). An introduction to linear difference equations. 
Published with the cooperation of the National Research Council. 
Cambridge, Mass., Harvard University Press, 1927. 8+209 pp. 

BEssIER (G.). Le calcul intégral facile et attrayant. Paris, Dunod, 1928. 
8+214 pp. 

BiEBERBACH (L.). Differential- und Integralrechnung. 3te Auflage. 2ter 
Band. Leipzig, Teubner, 1928. 150 pp. 

Burnett (J. C.). Hyper and ornate magic squares, 6th and 12th orders, 
with non-consecutive numbers. Barkston, the Author, 1928. 64 pp. 

Cajort (F.). The early mathematical sciences in North and South America. 
Boston, Gorham Press, 1928. 156 pp. 

CAMPBELL (N. R.). An account of the principles of measurement and 
calculation. London, Longmans, 1928. 10+293 pp. 

Coste (A. B.). See NATIONAL RESEARCH COUNCIL. 

DE CoMBEROUsSE (C.). Cours de mathématiques. 7e édition, entiérement 
refondue, par R. de Montessus de Ballore. Tome II, partie 2. Paris, 
Gauthier-Villars, 1928. 

DoEHLEMANN (K.). Grundziige der Perspektive nebst Anwendungen. 3te 
Auflage. Leipzig, Teubner, 1928. 

Donapt (A.). See Liipsen (H. B.). 

Drews (A.). Lehrbuch der Logik. Berlin, Stilke, 1928. 11+544 pp. 

Emcu (A.). See NATIONAL RESEARCH COUNCIL. 

Gauss (C. F.). Anziehung eines elliptischen Ringes. (Ostwalds Klassiker 
der exakten Wissenschaften.) Leipzig, Akademische Verlagsgesell- 
schaft, 1927. 

GriFFIN (F. L.). Mathematical analysis. Higher course. London, Harrap, 
1928. 10+512 pp. 

HAussner (R.). Analytische Geometrie der Ebene. (Sammlung Géschen.) 
Berlin, de Gruyter, 1928. 164 pp. 

Jacosi (C. G. J.). Theorie der elliptischen Funktionen. (Ostwalds Klas- 
siker der exakten Wissenschaften.) Leipzig, Akademische Verlags- 
gesellschaft, 1927. 

Konic (R.) und Krarrt (M.). Elliptische Funktionen. Berlin, de Gruyter, 
1928. 263 pp. ; 

Krarrt (M.). See Konic (R.). 

LerscHeEtz (S.). See NATIONAL RESEARCH COUNCIL. 

LINDEMANN (F.). Untersuchungen iiber den Fermatschen Satz. Miinchen, 
Selbstverlag, 1928. 
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Lipsen (H. B.). Ausfiihrliches Lehrbuch der analytischen oder héheren 
Geometrie zum Selbstunterricht. 17te Auflage, véllig neu bearbeitet 
von A. Donadt. Leipzig, Brandtstetter, 1928. 7+291 pp. 

Lurourn (C.). Sur la formule de Laplace. Bruxelles, 1928. 8 pp. 

Macar (G. A.). Geometria del movimento. 3a edizione. Bologna, Zani- 
chelli, 1927. 258+8 pp. 

DE MONTESSUS DE BALLORE (R.). See DE ComBEROUSSE (C.). 

MutKa (J.). Das Fermatsche Theorem. Bukarest, F. Gébl, 1927. 2 pp. 

NATIONAL RESEARCH CounciL. Bulletin No. 63: Selected topics in alge- 
braic geometry. Report of the Committee on Rational Transforma- 
tions, V. Snyder, A. B. Coble, A. Emch, S. Lefschetz, F. R. Sharpe, 
C. H. Sisam. Washington, National Research Council, 1928. 395 pp. 

Petrovitcu (M.). Lecons sur les spectres mathématiques. Paris, Gauthier- 
Villars, 1928. 90 pp. 


Praccio (H. T.). An elementary treatise on differential equations and their 
applications. London, Bell, 1928. 18+256+27 pp. 

REICHENBACH (H.). Philosophie der Raum-Zeit-Lehre. Berlin, de Gruyter, 
1928. 


RutceErs (J. G.). Inleiding tot de analytische meetkunde. Tweede druk. 
Eerste deel: Het platte viak. Groningen, Noordhoff, 1928. 


ScHELKuNOFF (S. A.). On certain properties of the metrical and generalized 
metrical groups in linear spaces of m dimensions. (Dissertation, 
Columbia.) Hamburg, Liitcke and Wulff, 1927. 8+42 pp. 


SHARPE (F. R.). See NATIONAL RESEARCH COUNCIL. 
Sisam (C. H.). See NATIONAL RESEARCH COUNCIL. 
SNYDER (V.). See NATIONAL RESEARCH COUNCIL. 


WIELEITNER (H.). Mathematische Quellenbiicher. Band 3: Analytische 
und synthetische Geometrie. Berlin, Salle, 1928. 7+89 pp. 


PART II. APPLIED MATHEMATICS 


AraGon (E.). Résistance des matériaux appliquée aux constructions. 2e 
édition, revue par P. Chambran. Tome 1. Paris, Dunod, 1928. 8+782 
pp. 

AUERBACH (F.). See GrRAETz (L.). 

BAEDEKER (K.). See GRAETz (L.). 

BakER (W. E. W.). See Disney (A. N.). 

Becker (R.), Praut (H.), und RuNGE (I.). Anwendungen der mathe- 
matischen Statistik auf Probleme der Massenfabrikation. Berlin, 
Springer, 1927. 6+117 pp. 

BEYER (R.). Einfiihrung in die Kinematik. Leipzig, Janecke, 1928. 

Bott (M.) et SaLtomon (C.). Introduction 4 la théorie des quanta. Les 


équations de la mécanique et de |’électronique. Paris, Doin, 1928. 
20+457 pp. 


= 
= 
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BorcHARDT (B.). Wandlungen der Atomvorstellung. Berlin, Verlag Dietz, 
1928. 85 pp. 

Bouasse (H.). Hydrodynamique générale. Paris, Delagrave, 1928. 
23+500 pp. 

BoussInEsQ (J.). Cours de physique mathématique de la Faculté des 
Sciences. 5e édition de l’Epilogue, revue et augmentée. Paris, Gau- 
thier-Villars, 1928. 32 pp. 

Burns (G. J.). The vector theory of electricity. Los Angeles, the Author, 
1928. 

CHAMBRAN (P.). See ARAGON (E.). 

CHARBONNIER (P.). Essais sur l'histoire de la balistique. Paris, Imprimerie 
Nationale, 1928. 

Cuat ey (H.). Studies in molecular force. London, Griffin, 1928. 11+118 
pp. 

Dauns (F.). Die Ursache und die Entstehung der Ebbe und Flut. Ham- 
burg, Hans Christians Druckerei, 1928. 32 pp. 

DELAPORTE (R.). Des amortissements. Paris, Gauthier-Villars, 1928. 
158 pp. 

DEMTCHENKO (B.). I: Sur les cavitations solitaires dans un liquide infini. 
II: Sur l’influence des bords sur le mouvement d’un corps solide dans 
un liquide. (Thése, Paris.) Paris, Blanchard, 1928. 125 pp. 

Deters (H.). Darstellende Geometrie. ites und 2tes Heft. Frankfurt 
a. M., Diesterweg, 1928. 

Disney (A. N.), Hitt (C. F.), and BAKER (W. E. W.), edited by. Or- 
igin and development of the microscope. London, Royal Micro- 
scopical Society, 1928. 11+303 pp. 

DREYER (G.). Formelsammlung zur Festigkeitslehre und Elastizitatslehre. 
4te neubearbeitete und erweiterte Auflage. Leipzig, Janecke, 1928. 
7+154 pp. 

FoRSTMANN (A.) und Reppisco (H.). Der Niederfrequenzverstarker. 
Seine Theorie und seine praktische Anwendungen zur Sprach- und 
Musikverstérkung. Berlin, Schmidt, 1928. 366 pp. 

Fry (T. C.). Probability and its engineering uses. London, Macmillan, 
1928. 14+476 pp. 

Gans (R.). See WIEN (W.) 

GEIGER (H.) und ScHEEL (K.), herausgegeben von. Handbuch der Physik. 
Band 3: Mathematische Hilfsmittel in der Physik. Redigiert von H. 
Thirring. Band 19: Herstellung und Messung des Lichts. Redigiert 
von H. Konen. Berlin, Springer, 1928. 14+647+18+995 pp. 

GtasER (A.). Druckdifferenzen in stehenden Schwingungen als Ursachen 
der Fernkrafte. Budapest, Novak, 1928. 179 pp. 

GLEBEL (K.). Das Pendel. Halle a. S., Zentral-Verband der Deutschen 
Uhrmacher, 1928. 190 pp. 


GraeEtz (L.), herausgegeben von. Handbuch der Elektrizitat und des 
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Magnetismus. Bearbeitet von F. Auerbach und K. Baedeker. Band 
5, Lieferung 3 (Schluss des Werkes). Leipzig, Barth, 1928. p. 
12+621-896 pp. 

DE GRaAMont (A.). La télémétrie monostatique. (Mémorial des Sciences 
Physiques, No. 2.) Paris, Gauthier-Villars, 1928. 64 pp. 

GuILtet (G. L.). Kinematics of machines. New York, Wiley, 1928. 
5+250 pp. 

Guyot (J.). See LEmMoINE (J.). 

Harms (F.). See WIEN (W.). 

Hart (I. B.). An introduction to physical science. 2d edition. London, 
Oxford University Press, 1928. 12+306 pp. 

Harwoop (P. J.). A theory of the solar system. Brighton, the Author, 
1928. 3+94 pp. 

HaswELL (J. E.). Horology. The science of time measurement and the 
construction of clocks, watches and chronometers. London, Chapman 
and Hall, 1928. 16+267 pp. 

Hit (C. F.). See Disney (A. N.). 

JAEGER (W.). Elektrische Messtechnik. Theorie und Praxis der elek- 
trischen und magnetischen Messungen. 3te umgearbeitete Auflage. 
Leipzig, Barth, 1928. 24+553 pp. 

Jarret (G.). See WIEN (W.). 

Janet (P.). Lecons d’électrotechnique générale. 6e édition, revue et 
augmentée. Tome III. Paris, Gauthier-Villars, 1928. 4+ 414 pp. 
Jeans (J. H.). Astronomy and cosmogony. Cambridge, University Press, 

1928. 420 pp. 

Jorré (A. F.). The physics of crystals. Edited by L. B. Loeb. New York, 
McGraw-Hill, 1928. 11+198 pp. 

KoneEn (H.). See GEIGER (H.). 

LEMOINE (J.) et Guyot (J.). Cours de physique. Tome 1: Optique. 
Paris, Vuibert, 1928. 

LopceE (O.). Der Ather und die Wirklichkeit. (Ether and reality.) Eine 
Reihe von Vortrigen. Aus dem Englischen iibersetzt von W. Rump. 
Braunschweig, Vieweg, 1928. 8+89 pp. 

Lors (L. B.). See Jorré (A. F.). 

Lorentz (H.A.). Vorlesungen iiber theoretische Physik an der Universitat 
Leiden. 2ter und 3ter Band. Leipzig, Akademische Verlagsgesell- 
schaft, 1928. 6+136+4+78 pp. 

MicHeEt (E.). Raumakustisches Merkblatt. Hannover, Verlag Curt H. 
Vincentz, 1927. 12 pp. 

(P.). See W1EN (W.). 

Ortvay (R.). Bevezetés az anyag korpuszkulélis elméletébe. (Introduction 
to the corpuscular theory of matter.) Part 1. Budapest, Hungarian 
Academy of Sciences, 1927. 294 pp 
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Praut (H.). See BECKER (R.). 


PocAny (B.). Az elektrom4gneses tér. (The electromagnetic field.) 
Budapest, Athenaeum Press, 1927. 695 pp. 

PorTER (A. W.). See PREsTON (T.). 

PreEsToN (T.). The theory of light. 5th edition, edited by A. W. Porter. 
London, Macmillan, 1928. 24+643 pp. 

RarBaup (—.) Appareils et méthodes de mesure mécaniques. Paris, 
Colin, 1928. 215 pp. 

ReppiscH (H.). See ForsTMANN (A.). 

RUCKHABER (E.). Die Relativititstheorie widerlegt durch das Wider 
spruchprinzip und die natiirliche Erklarung des Michelsonversuchs 
Das drei dimensionale Raum-Zeit-System. Leipzig, Verlag Hillmann, 
1928. 3+35 pp. 

Rump (W.). See LopcE (O.). 

RuNGE (I.). See BECKER (R.). 

RuPERT-JONEsS (J. A.). Tidal research. The adaptation of Sir Isaac 
Newton’s tidal laws to the prediction of the height of high tides. 
Southampton, the Author, 1928. 20 pp. 

Sackur (O.). Lehrbuch der Thermochemie und Thermodynamik. 2te 
Auflage, von C. von Simson. Berlin, Springer, 1928. 16+347 pp. 

SaLtomon (C.). See Bot (M.). 

ScHEEL (K.). See GEIGER (H.). 

Scumip (F.). Das Zodiakallicht. Sein Wesen, seine kosmische oder tel 
lurische Stellung. Hamburg, Henri Grand, 1928. 10+132 pp. 

SEMENOoFF (N.) und WALTHER (A.). Die physikalischen Grundlagen der 
elektrischen Festigkeitslehre. Berlin, Springer, 1928. 7+-168 pp. 

von Simson (C.). See Sackur (0.). 

SKIRL (W.). Elektrische Messungen. Berlin, de Gruyter, 1928. 12+ 459 pp. 

STEwarD (G. C.). The symmetrical optical system. (Cambridge Tracts 
in Mathematics and Mathematical Physics, No. 25.) Cambridge, 
University Press, 1928. 8+ 102 pp. 

STIFTER (A.). See Wortrusa (R.). 

STRANGMAN (C.). The origin of the solar system. Victoria, B. C., the 
Author, 1928. 34 pp. 

SrraucuH (F.). Repetitorien der Mechanik. Teil 1: Gleichheitslehre. 
Charlottenburg, Kiepert, 1928. 52 pp. 

Sucot (G.). Balistique extérieure théorique. Paris, Gauthier-Villars, 1928. 
93 pp. 

Balistique intérieure théorique et tables numériques. Paris. 
Gauthier-Villars, 1928. 130 pp. 

THIRRING (H.). See GEIGER (H.). 

WALTHER (A.). See SEMENOFF (N.). 

Welss (E. H.). La mécanique. Paris, Hachette, 1928. 197 pp. 
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Wev  (H.). Gruppentheorie und Quantenmechanik. Leipzig, Hirzel, 1928. 
8+288 pp. 

WIEN (W., und Harms (F.). Handbuch der Experimentalphysik. Band 7, 
Teil 1: P. Niggli, Kristallographische und strukturtheoretische 
Grundbegriffe. Band 19: Dispersion und Absorption, von G. Jaffé; 
Medien mit verinderlichen Brechungsindex, und Lichtzerstreuung, 
von R. Gans. Leipzig, Akademische Verlagsgesellschaft, 1928. 
12+317+8+430 pp. 

WIp (R.). Studies in magnets and magnetism. London, Stockwell, 1928. 


70 pp. 
Wo rers (F.). Eléments de la physique des rayons X. Paris, Hermann, 
1928. 400 pp. 


Workow1!tscH (D.). Applications de la géométrie 4 la stabilité des con- 
structions. Tome 1. Paris, Doin, 1928. 304 pp. 

Worrusa (R.) und StirTer (A.). Die Transformatoren. Theorie, Aufbau 
und Berechnung. Miinchen, Oldenbourg, 1928. 4+ 203 pp. 

ZEHNDER (L.). Die Entwicklung des Weltalls aus mechanischen Grund- 
lagen. Tiibingen, Laupp, 1928. 6+71 pp. 

ZINGLER (J.). Theorie der zusammengesetzten Waagen mit Gewichtsschale, 
Laufgewichtswaagen, Neigungswaagen, Balkenwaagen, Briicken- 
waagen. Berlin, Springer, 1928. 8+203 pp. 

ZoreETTI (L.). Les principes de la mécanique classique. (Mémorial des 
Sciences Mathématiques, No. 30.) Paris, Gauthier-Villars, 1928. 
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THIRTY-SEVENTH ANNUAL LIST OF PAPERS 


READ BEFORE THE AMERICAN MATHEMATICAL SOCIETY AND SUBSEQUENTLY 
PUBLISHED, INCLUDING REFERENCES TO THE PLACES OF PUBLICATION 


Apams, C. R. On the irregular cases of the linear ordinary difference 
equation. Read Dec. 28, 1926. Transactions of this Society, vol. 30, 
No. 3, pp. 507-541; July, 1928. 

—— Factorial series in two variables. Read April 6, 1928. This Bulletin, 
vol. 34, No. 4, pp. 473-475; July-Aug., 1928. 

ALEXANDER, J. W. Topological invariants of knots and links. Read May 
7, 1927. Transactions of this Society, vol. 30, No. 2, pp. 275-306; 
April, 1928. 

ALTSHILLER-CourtT, N. On four mutually orthogonal circles. Read Sept. 
8,1927. Annals of Mathematics, (2), vol. 29, No. 3, pp. 369-372; July, 
1928. 

ARCHIBALD, R. G. Diophantine equations in division algebras. Read 
Oct. 29, 1927. Transactions of this Society, vol. 30, No. 4, pp. 819-837; 
Oct., 1928. 

Ayres, W. L. Note on a theorem concerning continuous curves. Read 
Feb. 26, 1927. Annals of Mathematics, (2), vol. 28, No. 4, pp. 501-502; 
Sept., 1927. 

—— On the structure of a plane continuous curve. Read May 7, 1927. 
Proceedings of the National Academy of Sciences, vol. 13, No. 11, pp. 
749-754; Nov., 1927. 

—— On the separation of points of a continuous curve by arcs and simple 
closed curves. Read Feb. 26, 1927. Proceedings of the National 
Academy of Sciences, vol. 14, No. 3, pp. 201-206; March, 1928. 

—— An elementary property of bounded domains. Read Oct. 29, 1927. 
This Bulletin, vol. 34, No. 2, pp. 200-204; March-April, 1928. 

—— Concerning the arc-curves and basic sets of a continuous curve. 
Read May 7, 1927. Trensactions of this Society, vol. 30, No. 3, pp. 
567-578; July, 1928. 

—— Concerning continuous curves of certain types. Read May 1, 1926. 
Fundamenta Mathematicae, vol. 11, pp. 132-140; 1928. 

Ayres, W. L., and WHysBurN, G. T. On continuous curves in m dimensions. 
Read Oct. 29, 1927. This Bulletin, vol. 34, No. 3, pp. 349-360; May- 
June, 1928. 

BALLANTINE, J. P. A generalization of the calculus of finite differences to 
include the differential calculus. Read Dec. 28, 1923. Annals of 
Mathematics, (2), vol. 29, No. 1, pp. 14-16; Dec., 1927. 

BaATCHELDER, P. M. An introduction to linear difference equations. Read, 
in part, April 26, 1913. Cambridge, Mass., Harvard University 
Press, 1927. 8+-209 pp. 

BATEMAN, H. Transverse seismic waves on the surface of a semi-infinite 
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solid composed of heterogeneous material. Read (San Francisco 
Section) Oct. 29, 1927. This Bulletin, vol. 34, No. 3, pp. 343-348; 
May-June, 1928, 

BELL, E. T. Periodic functions of n variables connected with an algebraic 
number field of degree m. Read Jan. 1, 1926. Quarterly Journal of 
Mathematics, vol. 50, No. 4, pp. 314-328; Sept., 1927. 

—— Numerical functions of multipartite integers and compound parti- 
tions. Read (San Francisco Section) June 18, 1927. American Journal 
of Mathematics, vol. 49, No. 4, pp. 489-510; Oct., 1927. 

—— On the arithmetic of abelina (sic) functions. Read (San Francisco 
Section) Oct. 29, 1927. Proceedings of the National Academy of Sciences, 
vol. 13, No. 11, pp. 754-758; Nov., 1927. 

—— Partition polynomials. Read (San Francisco Section) June 18, 1927. 
Annals of Mathematics, (2), vol. 29, No. 1, pp. 38-46; Dec., 1927. 
—— Algebraic arithmetic. Read Sept. 6-10, 1927. American Mathematical 

Society Colloquium Publications, vol. 7; 1927. 4+180 pp. 

—— A property of resultants. Read (San Francisco Section) April 7, 
1928. Messenger of Mathematics, vol. 57, No. 9, pp. 141-144; Jan., 
1928. 

—— Certain completely solvable systems of simultaneous diophantine 
equations. Read (San Francisco Section) April 7, 1928. American 
Mathematical Monthly, vol. 35, No. 5, pp. 239-241; May, 1928. 

—— Remark on the number of classes of binary quadratic forms of a 
given negative determinant. Read (San Francisco Section) April 7, 
1928. Proceedings of the National Academy of Sciences, vol. 14, No. 5, 
pp. 430-431; May, 1928. 

—— Ternary characteristics of primes. Read (San Francisco Section) 
April 7, 1928. This Bulletin, vol. 34, No. 3, pp. 323-328; May-June, 
1928. 

—— A generalization of circulants. Read (San Francisco Section) April 
7, 1928. Proceedings of the Edinburgh Mathematical Society, (2), vol. 1, 
part 3, pp. 177-181; July, 1928. 

— Certain class-number relations implied in the Nachlass of Gauss. 
Read (San Francisco Section) April 7, 1928. This Bulletin, vol. 34, 
No. 4, pp. 490-494; July-Aug., 1928. 

—— Note on difference equations defining enumerative arithmetical func- 
tions. Read (San Francisco Section) April 7, 1928. Bulletin of the 
Calcutta Mathematical Society, vol. 19, No. 3, pp. 135-138; Sept., 1928. 

Benper, H. A. On groups of order p”, p being an odd prime number, 
which contain an abelian subgroup of order p”™"!. Read April 10, 
1925, and Sept. 9, 1926. Annals of Mathematics, (2), vol. 29, No. 1, 
pp. 89-94; Dec., 1927. 

Birxuorr, G. D. On the periodic motions of dynamical systems. Read 
Sept. 9, 1927. Acta Mathematica, vol. 50, Nos. 3-4, pp. 359-379; 1927. 

—— Dynamical systems. Read Sept. 8-11, 1920. American Mathematical 
Society Colloquium Publications, vol. 9; 1927. 8+295 pp. 

Boco.iousorFr, N., and Krytorr, N. On Rayleigh’s principle in the 
theory of the differential equations of mathematical physics and on 


1928.] LIST OF PUBLISHED PAPERS 803 


Euler’s method in calculus of variations. Read Sept. 9, 1926. 
Annals of Mathematics, (2), vol. 29, No. 3, pp. 255-275; July, 1928. 

Brown, E. W. Resonance in the solar system. Read Dec. 28, 1927. This 
Bulletin, vol. 34, No. 3, pp. 265-289; May-June, 1928. 

—— A remainder formula and its use in the development of the dis- 
turbing function by harmonic analysis. Read (San Francisco Section) 
April 7, 1928. Monthly Notices of the Royal Astronomical Society, vol. 
88, No. 8, pp. 624-634; June, 1928. 

Browne, E. T. The characteristic equation of a matrix. Read Dec. 29, 
1927. This Bulletin, vol. 34, No. 3, pp. 363-368; May-June, 1928. 

Cairns, W. D. Development of functions in a system of approximately 
orthogonal functions. Read (San Francisco Section) April 2, 1927. 
Annals of Mathematics, (2), vol. 28, No. 4, pp. 503-514; Sept., 1927. 

Cajori, F. Briefe von C. H. Schumacher und W. Struve an F. R. Hassler 
in Amerika. Read (San Francisco Section) April 2, 1927. Zeitschrift 
fiir Instrumentenkunde, vol. 47, No. 11, pp. 532-536; Nov., 1927. 

—— The earliest arithmetic published in America. Read (San Francisco 
Section) April 2, 1927. Isis, vol. 9, No. 3, pp. 391-401; Dec., 1927. 

—— Robert Burton’s horoscope and the year of his birth. Read (San 
Francisco Section) Oct. 29, 1927. Popular Astronomy, vol. 36, No. 1, 
pp. 9-11; Jan., 1928. 

—— A comparison of methods of determining calendar dates by finger 

reckoning. Read (San Francisco Section) Oct. 29, 1927. Archeion, 

vol. 9, No. 1, pp. 31-42; Jan.-March, 1928. 

Surveying and astronomical instruments used in America before the 
nineteenth century. Read (San Francisco Section) Oct. 25,1919. 
Printed in The Early Mathematical Sciences in North and South America, 
Boston, The Gorham Press, 1928. 156 pp. 

Camp, C. C. An expansion involving p inseparable parameters associated 
with a partial differential equation. Read Sept. 9, 1926. American 
Journal of Mathematics, vol. 50, No. 2, pp. 259-268; April, 1928. 

CaMPBELL, A. D. Pencils of conics in the Galois fields of order 2". Read 
Dec. 29, 1925. American Journal of Mathematics, vol. 49, No. 3, 
pp. 401-406; July, 1927. 

—— The polar curves of plane algebraic curves in the Galois fields. Read 
Dec. 28, 1927. This Bulletin, vol. 34, No. 3, pp. 361-363; May-June, 
1928. 

—— The discriminant of an m-ary quadratic in the Galois fields of order 
2". Read Dec. 28, 1927. Annals of Mathematics, (2), vol. 29, No. 3, 
pp. 395-398; July, 1928. 

—— Nets of conics in the Galois fields of order 2". Read Dec. 31, 1926. 
This Bulletin, vol. 34, No. 4, pp. 481-489; July-Aug., 1928. 

Coste, A. B., and Morey, F. New results in elimination. Read April 15, 
1927. American Journal of Mathematics, vol. 49, No. 4, pp. 463-488; 
Oct., 1928. 

CoprELanpb, A. H. Types of motion of the gyroscope. Read Oct. 29, 1927. 
Transactions of this Society, vol. 30, No. 4, pp. 737-764; Oct., 1928. 
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Cram_et, C. M. A determination of all invariant tensors. Read (San 
Francisco Section) April 3, 1926. Téhoku Mathematical Journal, 
vol. 28, Nos. 3-4, pp. 242-250; Sept., 1927. 

—— The derivation of algebraic invariants by tensor algebra. Read 
Feb. 26, 1927. This Bulletin, vol. 34, No. 3, pp. 334-342; May-June, 
1928. 

Davis, D. R. The inverse problem of the calculus of variations in higher 
space. Read (San Francisco Section) June 18, 1927. Transactions of 
this Society, vol. 30, No. 4, pp. 710-736; Oct., 1928. 

Davis, H. T. On the factoring of Fredholm minors. Read April 16, 1927. 
Annals of Mathematics, (2), vol. 29, No. 3, pp. 334-342; July, 1928. 

Dickson, L. E. Additive number theory for all quadratic functions. Read 
Sept. 9, 1927. American Journal of Mathematics, vol. 50, No. 1, 
pp. 1-48; Jan., 1928. 

—— Simpler proofs of Waring’s theorem on cubes, with various general- 
izations. Read April 15, 1927. Transactions of this Society, vol. 30, 
No. 1, pp. 1-18; Jan., 1928. 

—— Generalizations of the theorem of Fermat and Cauchy on polygonal 
numbers. Read Sept. 9, 1927. This Bulletin, vol. 34, No. 1, pp. 63-72; 
Jan.-Feb., 1928. 

—— Extended polygonal numbers. Read Sept. 9, 1927. This Bulletin, 
vol. 34, No. 2, pp. 205-217; March-April, 1928. 

Dives, L. L. A theorem on orthogonal functions with an application to 
integral inequalities. Read (San Francisco Section) June 12, 1926. 
Transactions of this Society, vol. 30, No. 2, pp. 425-438; April, 1928. 

— Atheorem on orthogonal sequences. Read Sept. 8, 1927. Transactions 
of this Society, vol. 30, No. 2, pp. 439-446; April, 1928. 

Dorrou, J. L. Concerning a set of metrical hypotheses for geometry. 
Read Sept. 9, 1927. Annals of Mathematics, (2), vol. 29, No. 2, pp. 229- 
231; April, 1928. 

Dovuctas, J. Contact transformations of three-space which convert a 
system of paths into a system of paths. Read May 7, 1927. Proceedings 
of the National Academy of Sciences, vol. 13, No. 8, pp. 605-607; 
Aug., 1927. 

—— The analysis situs of the plane when the directed line is taken as 
element. Read Oct. 28, 1922. American Mathematical Monthly, 
vol. 35, No. 2, pp. 57-63; Feb., 1928. 

—— The general geometry of paths. Read May 7, 1927. Annals of 
Mathematics, (2), vol. 29, No. 2, pp. 143-168; April, 1928. 

—— A method of numerical solution of the problem of Plateau. Read 
May 7, 1927. Annals of Mathematics, (2), vol. 29, No. 2, pp. 180-188; 
April, 1928. 

Dracu, J. Détermination des éléments linéaires de Liouville pour lesquels 
l'équation des lignes géodésiques admet au moins deux intégrales 
rationnelles en la dérivée premiére. Read Oct. 30, 1926. Comptes Rendus 
de l’Académie des Sciences, vol. 185, No. 26, pp. 1568-1570; Dec. 27, 
1927. 
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DrespEn, A. Some philosophical aspects of mathematics. Read Dec. 29, 
1927. This Bulletin, vol. 34, No. 4, pp. 438-452; July-Aug., 1928. 

EIESLAND, J. Quadratic flat complexes in odd n-space and their singular 
spreads, flat-sphere transformation. Read Sept. 7, 1923, and Sept. 10, 
1925. Proceedings of the International Mathematical Congress held in 
Toronto, vol. I, pp. 863-887; 1928. 

EIsENHART, L. P. Non-Riemannian geometry. Read Sept. 8-12, 1925. 
American Mathematical Society Colloquium Publications, vol. 8; 1927. 
8+184 pp. 

E.uiott, W. W. Generalized Green’s functions for compatible differential 
systems. Read Dec. 29, 1926. American Journal of Mathematics, 
vol. 50, No. 2, pp. 243-258; April, 1928. 

ETTLINGER, H. J. On the Fredholm integral equation. Read Feb. 26, 1927. 
Téhoku Mathematical Journal, vol. 28, Nos. 3-4, pp. 152-163; Sept., 
1927. 

—— Note on Riemann-Stieltjes integrals. Read (Southwestern Section) 
Nov. 27, 1926. Journal of the London Mathematical Society, vol. 2, 
No. 4, pp. 245-247; Oct., 1927. 

—— R.L. Moore’s principle and its converse. Read Sept. 9, 1926. Comptes 
Rendus de Séances de la Société des Sciences et de Lettres de Varsovie, 
Classe III, vol. 19, pp. 455-460; Dec., 1927. 

—— Existence theorems for implicit functions of real variables. Read 
Sept.9, 1926. This Bulletin, vol.34, No.3, pp.315-318; May-June, 1928. 

Evans, G. C. Note on a theorem of Bécher. Read Sept. 9, 1927. American 
Journal of Mathematics, vol. 50, No. 1, pp. 123-126; Jan., 1928. 

—— General Neumann problems for the sphere. Read April 16, 1927. 
American Journal of Mathematics, vol. 50, No. 1, pp. 127-138; Jan., 
1928. 

Farnum, F. On triadic Cremona nets of plane curves. Read Sept. 9, 1926. 
American Journal of Mathematics, vol. 50, No. 3, pp. 357-370; July, 
1928. 

FLANDERS, D. A. Double elliptic geometry in terms of point, order, and 
congruence. Read May 7, 1927. Annals of Mathematics, (2), vol. 28, 
No. 4, pp. 534-548; Sept., 1927. 

Forp, W. B. On the behavior of integral functions in distant portions of 
the plane. Read Sept. 8, 1927. This Bulletin, vol. 34, No. 1, pp. 91- 
106; Jan.-Feb., 1928. 

Forsytu, C. H. Amounts of investments at any number of rates of interest. 
Read Oct. 29, 1927. This Bulletin, vol. 34, No. 6, pp. 770-772; Nov.- 
Dec., 1928. 

FRANKLIN, P. The classification of quadrics in euclidean n-space, by means 
of covariants. Read Oct. 30, 1926. American Mathematical Monthly, 
vol. 34, No. 9, pp. 453-467; Nov., 1927. 

—— The canonical form of a one-parameter group. Read Dec. 29, 1926. 
Annals of Mathematics, (2), vol. 29, No. 2, pp. 113-122; April, 1928. 

—— A qualitative definition of the sub- and super-harmonic functions. 
Read May 7, 1927. Journal of Mathematics and Physics of the Massa- 
chusetts Institute of Technology, vol. 7, No. 2, pp. 86-92; June, 1928. 
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Frink, O. On the existence of linear algebras in boolean algebras. Read 
Jan. 1, 1926. This Bulletin, vol. 34, No. 3, pp. 329-333; May-June, 
1928. 

Gace, W. H. Asymptotic satellites near the equilibrium point in the 
isosceles triangle solution of the problem of three bodies. (Elliptical 
case.) Read (San Francisco Section) June 18, 1927. Transactions of 
the Royal Society of Canada, (3), vol. 21, Section III, pp. 377-390; 
May, 1927. 

GARABEDIAN, C. A. Correction de certains résultats sur la flexion d’une 
plaque circulaire épaisse donnés par de Saint-Venant dans la célébre 
“Note finale du paragraphe 45”’ de la traduction de Clebsch. Read 
Dec. 28, 1926. Journal de l’Ecole Polytechnique, (2), vol. 26, pp. 89- 
112; 1927. 

—— Sur les plaques épaisses circulaires et rectangulaires chargées au 
centre. Read Dec. 29, 1927. Comptes Rendus de l’ Académie des 
Sciences, vol. 186, No. 23, pp. 1518-1520; June 4, 1928. 

GarVER, R. Division algebras of order sixteen. Read Feb. 26, 1927. 
Annals of Mathematics, (2), vol. 28, No. 4, pp. 493-500; Sept., 1927. 

—— Tschirnhaus transformations on certain rational cubics. Read Oct. 29, 
1927. American Mathematical Monthly, vol. 34, No. 10, pp. 521-525; 
Dec., 1927. 

—— A rational normal form for certain quartics. Read Oct. 29, 1927. 
This Bulletin, vol. 34, No. 1, pp. 73-74; Jan.-Feb., 1928. 

—— A new normal form for quartic equations. Read April 7, 1928. This 
Bulletin, vol. 34, No. 3, pp. 310-314; May-June, 1928. 

—— The Tschirnhaus transformation. Read April 7, 1928. Annals of 
Mathematics, (2), vol. 29, No. 3, pp. 319-333; July, 1928. 

GeuMAN, H. M. Concerning end points of continuous curves and other 

continua. Read April 2 and Sept. 9, 1926. Transactions of this Society, 

vol. 30, No. 1, pp. 63-84; Jan., 1928. 

Concerning certain types of non-cut points, with an application to 
continuous curves. Read April 7, 1928. Proceedings of the National 
Academy of Sciences, vol. 14, No. 5, pp. 431-433; May, 1928. 

—— Concerning irreducible continua. Read Dec. 28, 1927. Proceedings 
of the National Academy of Sciences, vol. 14, No. 5, pp. 433-435; May, 
1928. 

GERGEN, J. J. On generalized lacunae. Read April 16, 1927. American 
Journal of Mathematics, vol. 49, No. 3, pp. 407-418; July, 1927. 
GERGEN, J. J., and Wipper, D. V. On Taylor’s series admitting the circle 
of convergence as a singular curve. Read Sept. 9, 1927. American 

Journal of Mathematics, vol. 50, No. 1, pp. 139-146; Jan., 1928. 

GLENN, O. E. Complete systems of differential invariants. Read Sept. 11, 
1925. Proceedings of the London Mathematical Society, (2), vol. 27, 
No. 1, pp. 72-80; Sept., 1927. 

—— A memoir on the invariants of biternary quantics. Read May 1 and 
Sept. 9, 1926. American Journal of Mathematics, vol. 50, No. 2, 
pp. 209-230; April, 1928. 

—— Theorems of finiteness in formal concomitant theory, modulo P. 
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Read Dec. 28, 1920, and Feb. 26, 1921. Proceedings of the International 
Mathematical Congress held in Toronto, vol. I, pp. 331-345; 1928. 
—— Differential combinants and associated parameters. Read May 3, 
1924. Proceedings of the International Mathematical Congress held in 

Toronto, vol. I, pp. 373-385; 1928. 

GrirFitus, L. W. Generalized quaternion algebras and the theory of 
numbers. Read Sept. 9, 1926. American Journal of Mathematics, 
vol. 50, No. 2, pp. 302-314; April, 1928. 

GRonwaLL, T. H., LaMeEr, V. K., and Sanpvep, K. Uber den Einfluss 
der sogenannten héheren Glieder in der Debye-Hiickelschen Theorie 
der Lésungen starker Elektrolyte. Read Oct. 30, 1926. Physikalische 
Zeitschrift, vol. 29, No. 12, pp. 358-393; June 15, 1928. 

Grove, V. G. Transformations of nets. Read Dec. 31, 1926. Transactions 
of this Society, vol. 30, No. 3, pp. 483-497; July, 1928. 

HasKELL, M. W. Curves autopolar with respect to a finite number of 
conics. Read (San Francisco Section) Oct. 23, 1920. Proceedings of 
the International Mathematical Congress held in Toronto, vol. 1, pp. 715- 
717; 1928. 

Hass.eEr, J.O. Plane nets whose first and minus first Laplacian transforms 
each degenerate into a straight line. Read April 6, 1928. This Bulletin, 
vol. 34, No. 5, pp. 591-599; Sept.-Oct., 1928. 

Heprick, E. R. On derivatives of non-analytic functions. Read (San 
Francisco Section) April 7, 1928. Proceedings of the National Academy 
of Sciences, vol. 14, No. 8, pp. 649-654; Aug., 1928. 

HILDEBRANDT, T. H. Note on interchange of order of limits. Read Sept. 8, 
1927. This Bulletin, vol. 34, No. 1, pp. 79-81; Jan.-Feb., 1928. 

Hut, L. S. Properties of certain aggregate functions. Read Sept. 9, 1926. 
American Journal of Mathematics, vol. 49, No. 3, pp. 419-432; July, 
1927. 

Hite, E. Note on the behavior of certain power series on the circle of con- 
vergence with application to a theorem of Carleman. Read Feb. 25, 
1928. Proceedings of the National Academy of Sciences, vol. 14, No. 3, 
pp. 217-220; March, 1928. 

— A class of functional equations. Read Oct. 28, 1922. Annals of 
Mathematics, (2), vol. 29, No. 2, pp. 215-222; April, 1928. 

Hopce, F. H. A generalization of the strophoid. Read April 15, 1922. 
American Mathematical Monthly, vol. 34, No. 10, pp. 527-529; Dec., 
1927. 

HorMann, L., and Kasner, E. Homographic circles or clocks. With 
an appendix on polygenic functions by E. Kasner. Read Feb. 25, 1928. 
This Bulletin, vol. 34, No. 4, pp. 495-503; July-Aug., 1928. 

Hottcrort, T. R. The generalized Hessian. Read May 7, 1927. Quarterly 
Journal of Mathematics, vol. 50, No. 4, pp. 362-372; Sept., 1927. 

— On (3, 3) and higher point correspondences. Read Feb. 26, 1927. 
American Journal of Mathematics, vol. 49, No. 4, pp. 553-564; Oct., 
1927. 

— On nets of manifolds in i dimensions. Read Oct. 29, 1927. Annali 
di Matematica, (4), vol. 5, No. 4, pp. 261-267; Sept., 1928. 
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HoTeELLinG, H. Differential equations subject to error, and population 
estimates. Read (San Francisco Section) April 2, 1927. Journal of 
the American Statistical Association, new ser., vol. 22, No. 159, pp. 
283-314; Sept., 1927. 

—— Spaces of statistics and their metrization. Read Sept. 9, 1927. 
Science, new ser., vol. 67, No. 1728, pp. 149-150; Feb. 10, 1928. 
Huntincton, E. V. The notion of probable error in elementary statistics. 
Read Dec. 29, 1927. Science, new ser., vol. 66, No. 1722, pp. 633-637; 

Dec. 30, 1927. 

—— The apportionment of representatives in Congress. Read Dec. 28, 
1920, Feb. 26, April 23, Sept. 8, and Dec. 28, 1921, and Feb. 25, 1922. 
Transactions of this Society, vol. 30, No. 1, pp. 85-110; Jan., 1928. 

Hurwitz, W. A. On Bell’s arithmetic of boolean algebras. Read April 7, 
1928. Transactions of this Society, vol. 30, No. 2, pp. 420-424; April, 
1928. 

Jackson, D. A problem in minima. Read April 16, 1927. Annals of 
Mathematics, (2), vol. 28, No. 4, pp. 587-592; Sept., 1927. 

—— On the approximate representation of analytic functions. Read 
Sept. 8, 1927. This Bulletin, vol. 34, No. 1, pp. 56-62; Jan.-Feb., 1928. 

—— Some non-linear problems in approximation. Read Dec. 28, 1926. 
Transactions of this Society, vol. 30, No. 4, pp. 621-629; Oct., 1928. 

James, G. An integration method of summing series. Read (San Francisco 
Section) April 2, 1927. Annals of Mathematics, (2), vol. 29, No. 1, 
pp. 79-87; Dec., 1927. 

Kasner, E. A new theory of polygenic (or non-monogenic) functions. 
Read Oct. 29, 1927. Science, new ser., vol. 66, No. 1720, pp. 581-582; 
Dec. 16, 1927. 

—— General theory of polygenic or non-monogenic functions. The 
derivative congruence of circles. Read Oct. 29 and Dec. 29, 1927. 
Proceedings of the National Academy of Sciences, vol. 14, No. 1, pp. 75- 
82; Jan., 1928. 

—— Transversality in space of three dimensions. Read Sept. 9 and 
Oct. 31, 1914. Transactions of this Society, vol. 30, No. 3, pp. 447-452; 
July, 1928. 

—— Note on the derivative circular congruence of a polygenic function. 
Read Sept. 6, 1928. This Bulletin, vol. 34, No. 5, pp. 561-565; Sept.- 
Oct., 1928. 

—— The second derivative of a polygenic function. Read April 6, 1928. 
Transactions of this Society, vol. 30, No. 4, pp. 803-818; Oct., 1928. 

— See Hormany, L. 

Ketcuum, P. W. Analytic functions of hypercomplex variables. Read 
Sept. 7, 1928. Transactions of this Society, vol. 30, No. 4, pp. 641-667; 
Oct., 1928. 

Kune, J. R. Separation theorems and their relation to recent develop- 
ments in analysis situs. Read May 7, 1927. This Bulletin, vol. 34, 
No. 2, pp. 155-192; March-April, 1928. 

Koopman, B. O. On the inversion of analytic transformations. Read 
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Oct. 29, 1927. This Bulletin, vol. 34, No. 5, pp. 565-572; Sept.-Oct., 
1928. 

V. K. See GRoNWALL, T. H. 

Lane, E. P. Joint-axis congruences with indeterminate developables. 
Read Sept. 3, 1919. Téhoku Mathematical Journal, vol. 29, Nos. 3-4, 
pp. 363-375; May, 1928. 

—— The projective differential geometry of systems of linear homogeneous 
differential equations of the first order. Read Dec. 29,1927. Trans- 
actions of this Society, vol. 30, No. 4, pp. 785-796; Oct., 1928. 

—— Canonical configurations associated with a surface. Read Sept. 6, 
1928. This Bulletin, vol. 34, No. 6, pp. 737-744; Nov.-Dec., 1928. 
Lane, E. P., and Stourrer, E. B. Recent developments in projective 
differential geometry. Read April 6, 1928. This Bulletin, vol. 34, 

No. 4, pp. 453-472; July-Aug., 1928. 

LANGER, R. E., and TAMARKIN, J. D. On integral equations with dis- 
continuous kernels. Read Dec. 28, 1926. Transactions of this Society, 
vol. 30, No. 3, pp. 453-471; July, 1928. 

LaNGForD, C. H. Theorems on deducibility. Read Dec. 29, 1926. Annals 
of Mathematics, (2), vol. 28, No. 4, pp. 459-471; Sept., 1927. 

—— Concerning logical principles. Read (San Francisco Section) Oct. 29, 
1927. This Bulletin, vol. 34, No. 5, pp. 573-582; Sept.-Oct., 1928. 
Latimer, C. G. On certain indefinite quaternary forms representing all 
integers. Read Sept. 9, 1927. Annals of Mathematics, (2), vol. 28, 

No. 3, pp. 327-329; July, 1927. 

—— A note on quaternary forms. Read Sept. 9, 1927. American Mathe- 
matical Monthly, vol. 34, No. 7, pp. 363-364; Sept., 1927. 

LuBBEN, R. G. Concerning limiting sets in abstract spaces. Read Sept. 6, 
1928. Transactions of this Society, vol. 30, No. 4, pp. 668-685; Oct., 
1928. 

—— The double elliptic case of the Lie-Riemann-Helmholtz-Hilbert 
problem of the foundations of geometry. Read Sept. 10, 1925. Funda- 
menta Mathematicae, vol. 11, pp. 35-95; 1928. 

MacDurreE, C. C. A correspondence between matrices and quadratic 
ideals. Read April 15, 1927. Annals of Mathematics, (2), vol. 29, 
No. 2, pp. 199-214; April, 1928. 

Maria, A. J. Generalized derivatives. Read May 1, 1926. Annals of 
Mathematics, (2), vol. 28, No. 4, pp. 419-432; Sept., 1927. 

MatHEws, R. M. Cubic curves and desmic surfaces; second paper. Read 
April 2, 1926. Transactions of this Society, vol. 30, No. 1, pp. 19-23; 
Jan., 1928. 

Mears, F. M. Riesz summability for double series. Read Sept. 9, 1927. 
Transactions of this Society, vol. 30, No. 4, pp. 686-709; Oct., 1928. 

MERrRIMAN, G. M. Concerning the summability of double series of a certain 
type. Read May 7, 1927. Annals of Mathematics, (2), vol. 28, No. 4, 
pp. 515-533; Sept., 1927. 

—— The convergence of double Fourier series of a certain type. Read 
April 3, 1926. This Bulletin, vol. 34, No. 3, pp. 319-322; May-June, 
1928. 


810 LIST OF PUBLISHED PAPERS [Nov.-Dec., 


—— Aset of necessary and sufficient conditions for the Cesaro summability 
of double series. Read April 3, 1926. Amnals of Mathematics, (2), 
vol. 29, No. 3, pp. 343-354; July, 1928. 

Miter, G. A. Number of systems of imprimitivity of transitive substitu- 

tion groups. Read Dec. 28, 1927. Proceedings of the National Academy 

of Sciences, vol. 14, No. 1, pp. 82-84; Jan., 1928. 

Possible orders of two generators of the alternating and of the 
symmetric group. Read Dec. 31, 1926. Transactions of this Society, 
vol. 30, No. 1, pp. 24-32; Jan., 1928. 

Note on the history of logarithms. Read Sept. 9, 1926. Téhoku 
Mathematical Journal, vol. 29, Nos. 3-4, pp. 308-311; May, 1928. 
Miine, W. E. The behavior of a boundary value problem as the interval 

becomes infinite. Read (San Francisco Section) June 2, 1928. Trans- 
actions of this Society, vol. 30, No. 4, pp. 797-802; Oct., 1928. 

Moore, L. T. The nodes of the rational plane quartic. Read May 7, 1927. 
This Bulletin, vol. 34, No. 4, pp. 476-478; July-Aug., 1928. 

Moore, L. T., and NEELLEY, J. H. Rational tacnodal and oscnodal quartic 
curves considered as plane sections of quartic surfaces. Read May 7, 
1927. American Journal of Mathematics, vol. 50, No. 3, pp. 467-472; 
July, 1928. 

Moore, R. L. Some separation theorems. Read Sept. 9, 1927. Proceedings 
of the National Academy of Sciences, vol. 13, No. 10, pp. 711-716; 
Oct., 1927. 

—— Concerning triods in the plane and the junction points of plane con- 
tinua. Read Dec. 28, 1927. Proceedings of the National Academy of 
Sciences, vol. 14, No. 1, pp. 85-88; Jan., 1928. 

—— On the separation of the plane by a continuum. Read Dec. 28, 1927. 
This Bulletin, vol. 34, No. 3, pp. 303-306; May-June, 1928. 

—— A separation theorem. Read (San Francisco Section) June 18, 1927. 

Fundamenta Mathematicae, vol. 12, pp. 295-297; 1928. 

Moore, T. W. On the invariant combinants of two binary quintics. Read 
Feb. 26, 1927. American Journal of Mathematics, vol. 50, No. 3, 
pp. 415-430; July, 1928. 

Moritz, R. E. On an extension of Glaisher’s generalization of Wilson’s 
theorem. Read (San Francisco Section) June 19, 1925. Téhoku 
Mathematical Journal, vol. 28, Nos. 3-4, pp. 198-201; Sept., 1927. 

—— A modification of the reducing balance method of estimating de- 
preciation. Read (San Francisco Section) June 18, 1927. The Ac- 
countant, vol. 77, No. 2761, pp. 614-617; Nov. 5, 1927. 

—— The general solution of a certain diophantine equation in three 
unknowns. Read (San Francisco Section) June 18, 1927. American 
Mathematical Monthly, vol. 35, No. 1, pp. 47-49; Jan., 1928. 

Mor ey, F. See Coste, A. B. 

Morse, M. The foundations of a theory in the calculus of variations in 
the large. Read Dec. 30, 1924, and Sept. 9 and Dec. 29, 1926. Trans- 
actions of this Society, vol. 30, No. 2, pp. 213-274; April, 1928. 

MussELMAN, J. R. On an imprimitive group of order 5184. Read Dec. 29, 
1924, and May 7, 1927. American Journal of Mathematics, vol. 49, 
No.3, pp. 355-366; July, 1927. 
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NEELLEY, J. H. Compound singularities of the plane rational quartic curve. 
Read Sept. 8 and Dec. 28, 1926. American Journal of Mathematics, 
vol. 49, No. 3, pp. 389-400; July, 1927. 

—— A note on the rational plane quartic curve with cusps or undulations. 
Read Dec. 28, 1927. This Bulletin, vol. 34, No. 5, pp. 639-645; Sept.- 
Oct., 1928. 

—— See Moore, L. T. 


Ore, O. Newtonsche Polygone in der Theorie der algebraischen Kérper. 
Read Oct. 29, 1927. Mathematische Annalen, vol. 99, Nos. 1-2, pp. 
84-117; April, 1928. 

—— Some theorems on the connection between ideals and group of a 
Galois field. Read Oct. 29, 1927. Transactions of this Society, vol. 30, 
No. 3, pp. 610-620; July, 1928. 

PERKINS, F. W. An intrinsic treatment of Poisson’s integral. Read Jan. 2, 
1926. American Journal of Mathematics, vol. 50, No. 3, pp. 389-414; 
July, 1928. 


PFEIFFER, G. A. A property of the level lines of a region witha rectifiable 
boundary. Read May 7, 1927. This Bulletin, vol. 34, No. 5, pp. 656- 
664; Sept.-Oct., 1928. 


PIERPONT, J. Optics in spaces of constant non-vanishing curvature. Read 
Feb. 26, 1927. American Journal of Mathematics, vol. 49, No. 3, 
pp. 343-354; July, 1927. 

—— Optics in hyperbolic space. Read Dec. 29, 1926. Transactions of 
this Society, vol. 30, No. 1, pp. 33-48; Jan., 1928. 

—— Mathematical rigor, past and present. Read Dec. 28, 1927. This 
Bulletin, vol. 34, No. 1, pp. 23-53; Jan.-Feb., 1928. 

—— On the geometry whose absolute is a ruled quadric. Read May 7, 
1927. Monatshefte fiir Mathematik und Physik, vol. 35, No. 1, pp. 111- 
128; 1928. 


Rainicu, G. Y. Principle of paraphrase, second form. Read Jan. 1, 1926. 
Printed in E. T. Bell’s Algebraic arithmetic, American Mathematical 
Society Colloquium Publications, vol. 7, pp. 69-72; 1927. 

—— Radiation and relativity. I. Read April 15, 1927. Proceedings of the 
National Academy of Sciences, vol. 14, No. 6, pp. 484-488; June, 1928. 

—— Radiation and relativity. II. Read Dec. 31, 1926. Proceedings of 
the National Academy of Sciences, vol. 14, No. 8, pp. 654-657; Aug., 
1928. 


RAWLEs, T. H. Two classes of periodic orbits with repelling forces. Read 
Feb. 25, 1928. This Bulletin, vol. 34, No. 5, pp. 618-630; Sept.-Oct., 
1928. 

—— The invariant integral and the inverse problem in the calculus of 
variations. Read Dec. 28, 1927. Transactions of this Society, vol. 30, 
No. 4, pp. 765-784; Oct., 1928. 

Reynoips, C. N. On the problem of coloring maps in four colors, II. 
Read Dec. 28, 1923 and Dec. 29, 1926. Annals of Mathematics, (2), 
vol. 28, No. 4, pp. 477-492; Sept., 1927. 
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—— Some theorems on the zeros of solutions of self-adjoint homogeneous 
linear differential equations of the fifth order. Read Sept. 2, 1919. 
Bulletin of the West Virginia University Scientific Association, vol. 3, 
No. 1, pp. 26-32; Aug., 1926 (published in 1928). 

RicHarpson, R. G. D. A problem in the calculus of variations with an 
infinite number of auxiliary conditions. Read Sept. 11, 1925. Trans- 
actions of this Society, vol. 30, No. 1, pp. 155-189; Jan., 1928. 

RicuMonD, D. E. Geodesics on surfaces of genus zero with knobs. Read 
Jan. 2, 1926. Transactions of this Society, vol. 30, No. 1, pp. 49-62; 
Jan., 1928. 

—— Number relations between types of extremals joining a pair of points. 
Read May 7 and Oct. 29, 1927. American Journal of Mathematics, 
vol. 50, No. 3, pp. 371-388; July, 1928. 

River, P. R. Minimizing two types of definite integral. Read Dec. 28, 
1927. Annals of Mathematics, (2), vol. 29, No. 2, pp. 189-193; April, 
1928. 

Rutt, J. F. Oncertain points in the theory of Dirichlet series. Read Oct. 29, 
1927. American Journal of Mathematics, vol. 50, No. 1, pp. 73-86; 
Jan., 1928. 

Rospertson, H. P. Bemerkung iiber separierbare Systeme in der Wellen- 
mechanik. Read Oct. 29, 1927. Mathematische Annalen, vol. 98, 
No. 5, pp. 749-752; Jan., 1928. 

Roos, C. F. A dynamical theory of economics. Read Oct. 29, 1927. 
Journal of Political Economy, vol. 35, No. 5, pp. 632-636; Oct., 1927. 

—— A mathematical theory of depreciation and replacement. Read 
Sept. 9, 1927. American Journal of Mathematics, vol. 50, No. 1, 
pp. 147-157; Jan., 1928. 

—— The problem of depreciation in the calculus of variations. Read 
Sept. 9, 1927. This Bulletin, vol. 34, No. 2, pp. 218-228; March- 
April, 1928. 

—— Generalized Lagrange problems in the calculus of variations. Read 
Dec. 31, 1926. Transactions of this Society, vol. 30, No. 2, pp. 360-384; 
April, 1928. 

Rotu, W. E. A solution of the matric equation P(X)=A. Read Dec. 29, 
1927. Transactions of this Society, vol. 30, No. 3, pp. 579-596; July, 
1928. 

SANDVED, K. See GRONWALL, T. H. 

ScHELKunorFF, S. A. On certain properties of the metrical and generalized 
metrical groups in linear spaces of m dimensions. Read Sept. 8, 1927. 
Dissertation, Columbia. Hamburg, Liitcke and Wulff, 1927. 8+42 pp. 

SEELy, C. Kernels of positive type. Read Oct. 29, 1927. Annals of Mathe- 
matics, (2), vol. 29, No. 3, pp. 313-318; July, 1928. 

SERGHIESCO, S. Sur le nombre des racines communes 4 plusieurs équations 
simultanées. Read Feb. 25, 1928. Abstract in Comptes Rendus de 
l’ Académie des Sciences, vol. 186, No. 4, pp. 211-213; Jan. 23, 1928. 

SHaus, H. C. Rational involutorial transformations in S, which leave 
invariant + quadric varieties. Read Oct. 30, 1926. American Journal 
of Mathematics, vol. 49, No. 3, pp. 367-382; July, 1927. 
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SHEFFER, I. M. On entire function interpolation. Read Dec. 31, 1926. 
American Journal of Mathematics, vol. 49, No. 3, pp. 329-342; July, 
1927. 

SHowaT, J. A. (CHoxwate, J.). Sur la convergence des quadratures 
mécaniques dans un intervalle infini. Application au probléme des 
moments, au calcul des probabilités. Read April 7, 1928. Abstract in 
Comptes Rendus de l’ Académie des Sciences, vol. 186, No. 6, pp. 344- 
346; Feb. 6, 1928. 

Simmons, H. A. Strong and weak inequalities involving the ratio of two 
chords or arcs of a circle; chains of inequalities. Read Dec. 28, 1927. 
American Mathematical Monthly, vol. 35, No. 3, pp. 122-130; March, 
1928. 

SLtotnick, M. M. A contribution to the theory of fundamental transfor- 
mations of surfaces. Read Oct. 29, 1927. Transactions of this Society, 
vol. 30, No. 1, pp. 190-212; Jan., 1928. 

—— A method of applying tensor analysis to the study of rectilinear con- 
gruences. Read Oct. 29, 1927. Mathematische Zeitschrift, vol. 28, 
No. 1, pp. 107-115; March, 1928. 

Smit, H. L. On relative content and Green’s lemma. Read April 3, 1926. 
Transactions of this Society, vol. 30, No. 2, pp. 405-419; April, 1928. 

Stone, M. H. A characteristic property of certain sets of trigonometric 
functions. Read Feb. 26, 1927. American Journal of Mathematics, 
vol. 49, No. 4, pp. 535-542; Oct., 1927. 

—— The normal probability function and general. frequency functions. 
Read Feb. 26, 1927. American Journal of Mathematics, vol. 49, No. 
4, pp. 543-552; Oct., 1927. 

StourFeEr, E. B. Expressions for the general determinant in terms of its 
principal minors. Read April 2, 1926. American Mathematical Monthly, 
vol. 35, No. 1, pp. 18-21; Jan., 1928. 

—— Some canonical forms and associated canonical expansions in pro- 
jective differential geometry. Read (Southwestern Section) Nov. 26, 
1927. This Bulletin, vol. 34, No. 3, pp. 290-302; May-June, 1928. 

—— See Lang, E. P. 

Struik, D. J., and WiENER, N. A relativistic theory of quanta. Read 
May 7, 1927. Journal of Mathematics and Physics of the Massachusetts 
Institute of Technology, vol. 7, No. 1, pp. 1-23; Nov., 1927. 

—— The fifth dimension in relativistic quantum theory. Read Dec. 29, 
1927. Proceedings of the National Academy of Sciences, vol. 14, No. 3, 
pp. 262-268; March, 1928. 

STURDIVANT, J. H. Second-order linear systems with summable coefficients. 
Read Sept. 9, 1926. Transactions of this Society, vol. 30, No. 3, pp. 
560-566; July, 1928. 

SwincLe, P. M. An unnecessary condition in two theorems of analysis 
situs. Read Dec. 29, 1925. This Bulletin, vol. 34, No. 5, pp. 607-618; 
Sept.-Oct., 1928. 

TAMARKIN, J. D. See LANGER, R. E. 

Tay or, J. H. Parallelism and transversality in a sub-space of a general 
(Finsler) space. Read April 16, 1927. Annals of Mathematics, (2), 
vol. 28, No. 4, pp. 620-628; Sept., 1927. 


814 LIST OF PUBLISHED PAPERS [Nov.-Dec., 


Tuomas, J. M. Incomplete systems of partial differential equations. 
Read Sept. 7, 1928. Proceedings of the National Academy of Sciences, 
vol. 14, No. 8, pp. 666-670; Aug., 1928. 

Tryitzinsky, W. J. Relations satisfied by coefficients of periodic solutions. 
Read (San Francisco Section) June 18, 1927. Amnnels of Mathematics, 
(2), vol. 29, No. 1, pp. 17-20; Dec., 1927. 

—— Representation of functions determined by their initial values. 
Read (San Francisco Section) June 18, 1927. Annals of Mathematics, 
(2), vol. 29, No. 1, pp. 73-78; Dec., 1927. 

—— Expansion in series of non-inverted factorials. Read Sept. 9, 1927. 
This Bulletin. vol. 34, No. 2, pp. 193-196; March-April, 1928. 

Uspensky, J. V. On the development of arbitrary functions in series of 
Hermite’s and Laguerre’s polynomials. Read Dec. 31, 1926. Annals 
of Mathematics, (2), vol. 28, No. 4, pp. 593-619; Sept., 1927. 

— On Jacobi’s arithmetical theorems concerning the simultaneous 
representation of numbers by two different quadratic forms. Read 
Dec. 31, 1926. Transactions of this Society, vol. 30,"No. 2, pp. 385-404; 
April, 1928. 

- On the convergence of quadrature formulas related to an infinite 
interval. Read April 16, 1927. Transactions of this Society, vol. 30, 
No. 3, pp. 542-559; July, 1928. 

Vanpiver, H. S. Transformations of the Kummer criteria in connection 
with Fermat’s last theorem. (Second paper.) Read Dec. 29, 1926. 
Annals of Mathematics, (2), vol. 28, No. 4, pp. 451-458; Sept., 1927. 

VEBLEN, O. Projective tensors and connections. Read Dec. 29, 1927. 
Proceedings of the National Academy of Sciences, vol. 14, No. 2, pp. 154— 
166; Feb., 1928. 

Watsu, J. L. On the expansion of analytic functions in series of poly- 
nomials and in series of other analytic functions. Read Sept. 9, 1927. 
Transactions of this Society, vol. 30, No. 2, pp. 307-332; April, 1928. 

—— On approximation to an arbitrary function of a complex variable 
by polynomials. Read Dec. 28, 1927. Transactions of this Society, 
vol. 30, No. 3, pp. 472-482; July, 1928. 

—— On the degree of approximation to an analytic function by means 
of rational functions. Read Sept. 7, 1928. Transactions of this Society, 
vol. 30, No. 4, pp. 838-847: Oct., 1928. 

Warp, M. General arithmetic. Read (San Francisco Section) Oct. 29, 
1927. Proceedings of the National Academy of Sciences, vol. 13, No. 11, 
pp. 748-749; Nov., 1927. 

WeEaveER, J. H. Properties of two points associated with a triangle. Read 
Sept. 8, 1927. American Mathematical Monthly, vol. 35, No. 7, pp. 
349-352; Aug.-Sept., 1928. 

WeEisNER, L. Quadratic fields in which cyclotomic polynomials are re- 
ducible. Read Oct. 29, 1927. Annals of Mathematics, (2), vol. 29, No. 3, 
pp. 377-381; July, 1928. 

—— Polynomials f[¢(x)] reducible in fields in which f(x) is irreducible. 
Read Feb. 25, 1928. This Bulletin, vol. 34, No. 6, pp. 745-751; 
Nov.-Dec., 1928. 
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Weiss, M. J. Primitive groups which contain substitutions of prime order 
p and of degree 6p or 7p. Read (San Francisco Section) Oct. 29, 1927. 
Transactions of this Society, vol. 30, No. 2, pp. 333-359; April, 1928. 

WHEELER, A. P. Linear ordinary self-adjoint differential equations of the 
second order. Read Jan. 1, 1926. American Journal of Mathematics, 
vol. 49, No. 3, pp. 309-320; July, 1927. 

Wuysvurn, G. T. Concerning the open subsets of a plane continuous curve. 
Read Dec. 31, 1926, and Feb. 26, 1927. Proceedings of the National 
Academy of Sciences, vol. 13, No. 9, pp. 650-657; Sept., 1927. 

—— Concerning the structure of a continuous curve. Read Dec. 31, 1926, 
and (San Francisco Section) June 18, 1927. American Journal of 
Mathematics, vol. 50, No. 2, pp. 167-194; April, 1928. 

— Concerning the cut points of continua. Read Sept. 9, 1927. Tran- 
sactions of this Society, vol. 30, No. 3, pp. 597-609; July, 1928. 
—— Concerning accessibility in the plane and regular accessibility in 
n dimensions. Read Dec. 29, 1927. This Bulletin, vol. 34, No. 4, pp. 

504-510; July-Aug., 1928. 

—— Concerning plane closed point sets which are accessible from certain 
subsets of their complements. Read Dec. 28, 1927. Proceedings of 
the National Academy of Sciences, vol. 14, No. 8, pp. 657-666; Aug., 
1928. 

— On a problem of W. L. Ayres. Read Sept. 9, 1927. Fundamenta 
Mathematicae, vol. 11, pp. 296-301; 1928. 

—— Concerning Menger regular curves. Read Sept. 9 and (Southwestern 
Section) Nov. 26, 1927. Fundamenta Mathematicae, vol. 12, pp. 264- 
294; 1928. 

—— On certain accessible points of plane continua. Read Feb. 25 and 
April 8, 1928. Monatshefte fiir Mathematik und Physik, vol. 35, No. 2, 
pp. 289-304; 1928. 

—— See Ayres, W. L. 

Wauysurn, W. M. Second-order differential systems with integral and 
k-point boundary conditions. Read Feb. 26 and April 16, 1927. 
Transactions of this Society, vol. 30, No. 4, pp. 630-640; Oct., 1928. 

—— Existence and oscillation theorems for non-linear differential systems 
of the second order. Read Sept. 9, 1927. Transactions of this Society, 
vol. 30, No. 4, pp. 848-854; Oct., 1928. 

Winper, D. V. The singularities of a function defined by a Dirichlet series. 
Read April 16, 1927. American Journal of Mathematics, vol. 49, No. 3, 
pp. 321-328; July, 1927. 

—— A generalization of Taylor’s series. Read Dec. 29, 1926. Transactions 
of this Society, vol. 30, No. 1, pp. 126-154; Jan., 1928. 

— See GERGEN, J. J. 

Wiener, N. Coherency matrices and quantum theory. Read April 6, 
1928. Journal of Mathematics and Physics of the Massachusetts Institute 
of Technology, vol. 7, No. 2, pp. 109-125; June, 1928. 

— Anew method in Tauberian theorems. Read Feb. 26, 1927. Journal 
of Mathematics and Physics of the Massachusetts Institute of Technology, 
vol. 7, No. 3, pp. 161-184; Oct., 1923. 
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—— See Srruik, D. J. 

Wivper, R. L. On connected and regular point sets. Read April 7, 1928. 
This Bulletin, vol. 34, No. 5, pp. 649-655; Sept.-Oct., 1928. 

— Concerning R. L. Moore’s axioms 2; for plane analysis situs. Read 
Dec. 28, 1927. This Bulletin, vol. 34, No. 6, pp. 752-760; Nov.-Dec., 
1928. 

— A characterization of continuous curves by a property of their open 
subsets. Read April 2, 1926. Fundamenta Mathematicae, vol. 11, 
pp. 127-131; 1928. 

—— On a certain type of connected set which cuts the plane. Read 
Dec. 30, 1924. Proceedings of the International Mathematical Congress 
held in Toronto, vol. I, pp. 423-437; 1928. 

WituraMs, A. R. Rational quintic surfaces with two skew double lines. 
Read (San Francisco Section) April 2, 1927. This Rulletin, vol. 34, 
No. 5, pp. 631-639; Sept.-Oct., 1928. 

—— The Montesano quintic surface. Read (San Francisco Section) 
April 7, 1928. This Bulletin, vol. 34, No. 6, pp. 761-770; Nov.-Dec., 
1928. 

Wiiams, K. P. Acomment on certain equations in the theory of radiative 
equilibrium. Read April 7, 1928. Astrophysical Journal, vol. 47, No. 4, 
pp. 296-304; May, 1928. 

WiLtramson, J. Conditions for associativity of division algebras connected 
with non-abelian groups. Read April 2 and Dec. 31, 1926. Transactions 
of this Society, vol. 30, No. 1, pp. 111-125; Jan., 1928. 

Wison, W. A. On bounded regular frontiers in the plane. Read Oct. 29, 
1927. This Bulletin, vol. 34, No. 1, pp. 81-90; Jan.-Feb., 1928. 

—— On irreducible cuts of the plane between two points. Read Sept. 9, 
1927. Annals of Mathematics, (2), vol. 29, No. 3, pp. 382-388; July, 
1928. 

— Some properties of upper semi-continuous collections of bounded 
continua. Read Feb. 25, 1928. This Bulletin, vol. 34, No. 5, pp. 599- 
606; Sept.-Oct., 1928. 

Wincer, R. M. The equianharmonic cubic and its group. Read (San 
Francisco Section) June 18, 1927. Téhoku Mathematical Journal, 
vol. 29, Nos. 3-4, pp. 376-400; May, 1928. 

Youn, J. W. A new formulation for general algebra. Read Dec. 28, 1911, 
April 26, 1913, Sept. 9, 1926, and Feb. 26, 1927. Annals of Mathe- 
matics, (2), vol. 29, No. 1, pp. 47-60; Dec., 1927. 

Zarycki, M. Allgemeine Eigenschaften der Cantorschen Kohirenzen. 
Read Feb. 25, 1928. Transactions of this Society, vol. 30, No. 3, pp. 
498-506; July, 1928. 
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Apams, C. R. Factorial Series in Two Variables, 473. 

ALTSHILLER-CourtT, N. See REvIEws, under Michel. 

ARCHIBALD, R. C. See REviEws, under Ball. 

Ayres, W. L. See Wuysurn, G. T. 

— A Correction, 107. 

—— An Elementary Property of Bounded Domains, 200. 

BaTeEMAN, H. Transverse Seismic Waves on the Surface of a Semi-Infinite 
Solid Composed of Heterogeneous Material, 343. 

BELL, E. T. Ternary Characteristics of Primes, 323. 

—— Certain Class-Number Relations Implied in the Nachlass of Gauss, 
490. 

—— See REvIEws, under Niewenglowski, Ramanujan. 

BENNETT, A. A. See REviEws, under Charbonnier. 

Benton, T. C. See REviIEws, under d’Abro. 

BERNSTEIN, B. A. Reports of Meetings of the San Francisco Section: 
October, 15; April, 433; June, 545. 

Brrkuorr, G. D., Biiss, G. A., and HEprick, E. R. The Visiting Lecture- 
ship of the American Mathematical Society, 22. 

Biiss, G. A. See Birkuorr, G. D. 

— See REvieEws, under Forsyth. 

BLUMENTHAL, L. M. The Norm of a Space Configuration, 726. 

Brown, B. H. See REviEws, under Lemaire. 

Brown, E. W. Resonance in the Solar System, 265. 

—— See REvIEws, under Born, Rigge. 

Browne, E. T. The Characteristic Equation of a Matrix, 363. 

Cayjori, F. See REviEws, under Ptolemy. 

Camp, B. H. See REviEws, under Jordan. 

CaMPBELL, A. D. The Polar Curves of Plane Algebraic Curves in the 
Galois Fields, 361. 

—— Nets of Conics in the Galois Fields of Order 2", 481. 

— Note on the Pliicker Equations for Plane Algebraic Curves in the 
Galois Fields, 718. 

CAMPBELL, J. W. See REVIEWS, under Hayashi. 

CaraTHéopory, C. Remark on a Theorem of Osgood concerning Con- 
vergent Series of Analytic Functions, 721. 

CARMICHAEL, R. D. See REvIEws, under Hobson, Laurés, Lie. 

CARPENTER, A. F. A Theorem on Ruled Surfaces, 479. 

Cuurcu, A. On the Law of the Excluded Middle, 75. 

— See REviEws, under Whitehead. 

Coste, A. B. See REviEws, under Hudson. 

Coo.incE, J. L. See REviews, under Severi. 

Cow ey, E. B. See REviEws, under Lamé, 

CraMLET, C. M. The Derivation of Algebraic Invariants by Tensor 
Algebra, 334. 


818 INDEX OF VOLUME XXXIV [Nov.-Dec., 


Crum, W. L. See REviEws, under Rietz. 

DeperickK, L. S. Exterior Ballistics, 667. 

Dickson, L. E. Generalizations of the Theorem of Fermat and Cauchy 
on Polygonal Numbers, 63. 

—— Extended Polygonal Numbers, 205. 

New Division Algebras, 555. 

—— See REvIieEws, under Bell, Fricke. 

Dopp, E. L. See REviews, under du Pasquier. 

DrespEN, A. Some Philosophical Aspects of Mathematics, 438. 

—— Reports of Meetings of the American Mathematical Society: Thirty- 
Fourth Annual Meeting, 129; February Meeting in New York, 257; 
April Meeting in New York, 419; Thirty-Fourth Summer Meeting, 689. 

Ettiincer, H. J. Existence Theorems for Implicit Functions of Real 
Variables, 315. 

—— See REviEws, under Bieberbach. 

Foraker, F. A. See REviEws, under Coolidge. 

Forp, W. B. On the Behavior of Integral Functions in Distant Portions 
of the Plane, 91. 

Forsytu, C. H. Amounts of Investments at any Number of Rates of 
Interest, 770. 

—— See REvIeEws, under Burgess. 

Frink, O. On the Existence of Linear Algebras in Boolean Algebras, 329. 

GarvER, R. A Rational Normal Form for Certain Quartics, 73. 

A New Normal Form for Quartic Equations, 310. 

GRAUSTEIN, W. C. See REVIEWs, under Weatherburn. 

GRONWALL, T. H. See REviEws, under Bleich, Buhl. 

Hass_er, J. O. Plane Nets whose First and Minus First Laplacian Trans- 
forms Each Degenerate into a Straight Line, 591. 

Hazett, O. C. See REviews, under Perron. 

Heprick, E. R. See Brrkuorr, G. D. 

HILDEBRANDT, T. H. Note on Interchange of Order of Limits, 79. 

See REvIEws, under Hadamard. 

HorManN, L., and Kasner, E. Homographic Circles or Clocks. With an 
Appendix on Polygenic Functions by E. Kasner, 495. 

Hore.uinc, H. See REviEws, under Elderton. 

INGRAHAM, M. H. Report of the April Meeting of the American Mathe- 
matical Society in Chicago, 401. 

Jackson, D. On the Approximate Representation of Analytic Functions, 

56. 

Note on a Convergence Proof, 197. 

KarpInskI, L. C. See REvIEws, under Descartes. 

Kasner, E. See HormMann, L. 

Note on the Derivative Circular Congruence of a Polygenic Func- 

tion, 561. 

KE.LLoceG, O. D. A Correction, 154. 

See REviEws, under Evans. 

K.1nE, J. R. Separation Theorems and their Relation to Recent Develop- 
ments in Analysis Situs, 155. 
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Koopman, B. O. On the Inversion of Analytic Transformations, 565. 

Lane, E. P. See StourFer, E. B. 

—— Canonical Configurations Associated with a Surface, 737. 

—— See REvVIEws, under Fubini. 

Lancrorp, C. H. Concerning Logical Principles, 573. 

Leumer, D.H. A Further Note on the Converse of Fermat’s Theorem, 54. 

LeuMER, D. N. See REviEws, under Cunningham. 

LoncLey, W. R. See Reviews, under Biirklen, Lindow, Steffenson, 
Whittaker. 

McCLENon, R. B. See REvVIEws, under Hart. 

McConneELtL, A. J. Schmidt’s Orthogonal Ennuple and the Frenet Formula 
for a Curve, 713. 

Matuews, R. M. The Bitangents at a Point of a Desmic Surface, 646. 

MeErRrRIMAN, G. M. The Convergence of Double Fourier Series of a 
Certain Type, 319. 

Mites, E. J. See Reviews, under Kneser. 

Miter, G. A. A Characteristic Property of a Co-Set, 307. 

—— See REvIeEws, under Speiser. 

Morritt, G. W. See REviEws, under Hastings. 

Moore, C. N. See REviEws, under Bromwich. 

Moore, L. T. The Nodes of the Rational Plane Quartic, 476. 

— See REVIEws, under Bowman. 

Moore, R. L. On the Separation of the Plane by a Continuum, 303. 

Mow tton, E. J. See REviEws, under Véronnet. 

NEELLEY, J. H. A Note on the Rational Plane Quartic Curve with Cusps or 
Undulations, 639. 

Ore, O. See REviEws, under Berwick, Hasse. 

Preirrer, G. A. A Property of Level Lines of a Region with a Rectifiable 
Boundary, 656. 

PrERPONT, J. Mathematical Rigor, Past and Present, 23. 

—— Note on Einstein’s Equation of an Orbit, 582. 

Poritsky, H. On the Potential of Certain Surface Distributions, 731. 

Rarnicu, G. Y. See REviEws, under Encyklopidie, Levi-Civita. 

Rasor, S. E. See REvIEws, under Curtiss. 

Raw_es, T. H. Two Classes of Periodic Orbits with Repelling Forces, 618. 

Raynor, G. E. See REviews, under Mac Robert. 

Ricuarpson, R. G. D. Report of the October Meeting of the American 
Mathematical Society in New York, 1. 

R111, J. F. See REviews, under Smail. 

RoeEver, W. H. See REviews, under Dowsett. 

Roos, C. F. The Problem of Depreciation in the Calculus of Variations, 
218. 

Rowe, J. E. See REviews, under Moulton. 

Saxton, B. See REviEws, under Gay. 

SHaw, J. B. See Reviews, under Lecat. 

Sisam, C. H. See Reviews, under Bieberbach. 

Skinner, E. B. See REVIEWS, under Kent. 

SmaiL, L. L. See REviEws, under Hadamard. 


820 INDEX OF VOLUME XXXIV [Nov.-Dec., 


Smit, D. E. See REviews, under Gauss, Klein. 

Snyper, V. See REviEws, under Loria. 

StouFFER, E. B. Some Canonical Forms and Associated Canonical Ex- 
pansions in Projective Differential Geometry, 290. 

— Report of the Twentieth Regular Meeting of the Southwestern 
Section, 18. 

StourFer, E. B., and Lane, E. P. Recent Developments in Projective 
Differential Geometry, 453. 

SwINcLe, P. M. An Unnecessary Condition in Two Theorems of Analysis 
Situs, 607. 

TAMAREIN, J. D. See REviEws, under Pélya, Potron. 

Tuomas, J. M. See Reviews, under Gosse, Saltykow. 

Tryitzinsky, W. J. Expansion in Series of Non-Inverted Factorials, 193. 

—— A Correction, 437. 

Unter, H.S. See REviews, under Hund. 

Wana, S. C. See REviews, under Institut. 

WEATHERBURN, C. E. On Levi-Civita’s Theory of Parallelism, 585. 

WEISNER, L. Polynomials f[¢(x)] Reducible in Fields in which f(x) is 
Irreducible, 745. 

Wauysurn, G. T. Concerning Accessibility in the Plane and Regular 
Accessibility in » Dimensions, 504. 

Wauysurn, G. T., and Ayres, W. L. On Continuous Curves in m Dimen- 
sions, 349. 

Wiper, R. L. On Connected and Regular Point Sets, 649. 

—— Concerning R. L. Moore’s Axioms 2; for Plane Analysis Situs, 
752. 

Witurams, A. R. Rational Quintic Surfaces with Two Skew Double Lines, 
631. 

—— The Montesano Quintic Surface, 761. 

Wituiams, K. P. See Reviews, under Appell, Valirow, 

Witson, E. B. See REviews, under Lorentz, Love. 

Witson, W. A. On Bounded Regular Frontiers in the Plane, 81. 

—— Some Properties of Upper Semi-Continuous Collections of Bounded 
Continua, 599. 

—— See REVIEws, under Young. 

Wonc, B. C. On a Certain System of * Lines in r-Space, 553. 

—— On the Loci of the Lines Incident with k (r—2)-Spaces in S,, 715. 

Youna, J. W. See Reviews, under Klein. 

Younc, J. W. A. See REvIEws, under Fettweis. 


1928.] INDEX OF VOLUME XXXIV 821 


REVIEWS 


d’Abro, A. The Evolution of Scientific Thought from Newton to Einstein, 
T. C. BENTON, 789. 

Aiyar, S. See Ramanujan, S. 

APPELL, P. Sur les Fonctions Hypergéometriques de Plusieurs Variables, 
K. P. WitiiaMs, 670. 

Ball, W. W. R. Récréations Mathématiques et Problémes des Temps 
Anciens et Modernes (deuxiéme édition francaise), troisiéme partie, 
R. C. ARCHIBALD, 242. 

Bell, E. T. Algebraic Arithmetic, L. E. Dickson, 511. 

Berwick, W. E. H. Integral Bases, O. Ore, 378. 

Bieberbach, L. Lehrbuch der Funktionentheorie, zweiter Band, H. J. Err- 
LINGER, 241. 

—— Ejinfiihrung in die Konforme Abbildung (zweite Auflage), C. H. 
Sisam, 244. 

Bleich, F., und Melan, E. Die Gewéhnlichen und Partiellen Differenzen- 
gleichungen der Baustatik, T. H. GRonwALL, 787. 

Born, M. Problems of Atomic Dynamics, E. W. Brown, 370. 

Bowman, F. Elementary Algebra, part II, L. T. Moore, 245. 

Bromwich, T. J. I’A. An Introduction to the Theory of Infinite Series 
(second edition, revised with the assistance of T. M. MacRobert). C. N. 
Moore, 244. 

Birklen, O. T. Mathematische Formelsammlung (vollstindig umgear- 
beitete Neuausgabe von F. Ringleb), W. R. LoNGLEy, 669. 

Buhl, A. Formules Stokiennes, T. H. GRoNWALL., 790. 

Burgess, R. W. Introduction to the Mathematics of Statistics, C. H. 
ForsyTH, 372. 

Cech, E. See Fubini, G. 

Charbonnier, P. Traité de Balistique Extérieure, volume II, A. A. BEN- 
NETT, 517. 

Coolidge, J. L. Einfiihrung in die Wahrscheinlichkeitsrechnung (Deutsche 
Ausgabe von F. M. Urban), F. A. Foraker, 379. 

Cunningham, A. J. C. Quadratic and Linear Tables, D. N. LEnMER, 243, 

Curtiss, D. R. Analytic Functions of a Complex Variable, S. E. Rasor, 
773. 

Delambre, —. See Ptolemy. 

Descartes, R. The Geometry of René Descartes, translated from the 
French and Latin by D. E. Smith and M. L. Latham, L. C. Kar- 
PINSKI, 668. 

— La Géométrie de René Descartes, L. C. KARPINSKI, 668. 

Dowsett, J. F. Advanced Constructive Geometry, W. H. RoeEver, 519. 

Elderton, W. P. Frequency Curves and Correlation (second edition), 
H. 515. 

Encyklopidie der Mathematischen Wissenschaften, dritter Band, dritter 
Teil, G. Y. Rarnicu, 784. 

Engel, F. See Lie, S. 


822 INDEX OF VOLUME XXXIV [Nov.-Dec., 


Evans, G. C. The Logarithmic Potential, Discontinuous Dirichlet and 
Neumann Problems, O. D. KELLocG, 523. 

Fettweis, E. Das Rechnen der Naturvilker, J. W. A. Youne, 527. 

Forster, G. Geodisie (Landesmessung und Erdmessung), B. H. Brown, 
786. 

Forsyth, A. R. Calculus of Variations, G. A. Biss, 512. 

Fricke, R. Lehrbuch der Algebra, zweiter Band, L. E. Dickson, 531. 

Fubini, G., e Cech, E. Geometria Proiettiva Differenziale, volume II, 
E. P. Lane, 382. 

Gauss, C. F., und Gerling, C. L. Briefwechsel, D. E. Smitn, 665. 

Gay, L. Les Mathématiques du Chimiste, B. Saxton, 383. 

Gerling, C. L. See Gauss, C. F. 

Gosse, R. La Méthode de Darboux et les Equations s=f(x, y, 2, p, @), 
J. M. Tuomas, 120. 

Hadamard, J. Cours d’Analyse, volume I, T. H. HitpEBRANDT, 781. 

Hadamard, J., et Mandelbrojt, S. La Série de Taylor et son Prolongement 
Analytique (deuxiéme édition), L. L. Smam, 119. 

Halma, —. See Ptolemy. 

Hardy, G. H. See Ramanujan, S. 

Hart, I. B. The Mechanical Investigations of Leonardo da Vinci, R. B. 
McCLeEnon, 117. 

Hasse, H. Hdhere Algebra, O. Ore, 672. 

Hastings, C.S. New Methods in Geometrical Optics, G. W. Morritt, 787. 

Hayashi, T. Sieben- und Mehrstellige Tafeln der Kreis- und Hyperbel- 
funktionen und deren Produkte sowie der Gammafunktion, J. W. 
CAMPBELL, 528. 

Heegaard, P. See Lie, S. 

Hobson, E.W. The Theory of Functions of a Real Variable and the Theory 
of Fourier’s Series (third edition), volume I, R. D. CARMICHAEL, 531. 

Hudson, H. P. Cremona Transformations in Plane and Space, A. B. CoBLeE, 
373. 

Hund, F., Linienspektren und Periodisches System der Elemente, H. S. 
Uhler, 673. 

Institut International de Physique Solvay. Rapports et Discussions du 
Quatriéme Conseil de Physique. Conductibilité Electrique des Métaux 
et Problémes Connexes, S. C. WANG, 380. 

Jordan, C. Statistique Mathématique, B. H. Camp, 375. 

Kent, F. C. Mathematical Principles of Finance (second edition), with 
Compound Interest and Annuity Tables by F. C. Kent and M. E. 
Kent, E. B. SKINNER, 777. 

Kent, M. E. See Kent, F. C. 

Klein, F. Vorlesungen iiber die Entwicklung der Mathematik im 19. Jahr- 
hundert, erster Teil, D. E. Smitu, 521. | 

——Vorlesungen iiber Héhere Geometrie (drette Auflage), J. W. YouNG, 
789. 

Kneser, A. Lehrbuch der Variationsrechnung (zweite Auflage), E. J. 
Migs, 380. 


1928.] INDEX OF VOLUME XXXIV 823 


Lamé, G. Examen des Différentes Méthodes Employées pour Résoudre 
les Problémes de Géométrie, E. B. Cow.ey, 381. 

Latham, M. L. See Descartes, R. 

Laurés, C. Les Bases de la Géométrie et de la Physique. L’Invariance de 
l’Espace Euclidien, R. D. CARMICHAEL, 669. 

Lecat, M. Coup d’Oeil sur la Théorie des Déterminants Supérieurs dans 
son Etat Actuel, J. B. SHaw, 532. 

Lemaire, J. Etude Elémentaire de l’Hyperbole Equilatére et de quelques 
Courbes Dérivées, B. H. Brown, 532. 

Levi-Civita, T. The Absolute Differential Calculus, edited by E. Persico. 
Translation by M. Long, G. Y. Rarnicu, 775. 

Lie, S. Gesammelte Abhandlungen, herausgegeben von F. Engel und 
P. Heegaard, sechster Band, R. D. CARMICHAEL, 369. 

Lindow, M. Numerische Infinitesimalrechnung, W. R. LoNnGLEy, 674. 

Long, M. See Levi-Civita, T. 

Lorentz, H. A. Problems of Modern Physics, E. B. Witson, 381. 

Loria, G. Curve Sghembe Speciali Algebriche e Trascendenti, volume II, 
V. SnypDER, 119. 

Love, A. E. H. A Treatise on the Mathematical Theory of Elasticity 
(fourth edition), E. B. Witson, 242. 

MacRobert, T. M. See Bromwich, T. J. I’A. 

—— Spherical Harmonics, G. E. Raynor, 779. 

Mandelbrojt, S. See Hadamard, J. 

Melan, E. See Bleich, F. 

Michel, C. Compléments de Géométrie Moderne, N. ALTSHILLER-CourT, 
672. 

Moulton, F. R. New Methods in Exterior Ballistics, J. E. Rowe, 229. 

Niewenglowski, B. Questions d’Arithmétique, E. T. BELL, 838. 

du Pasquier, L.G. Le Calcul des Probabilités, E. L. Dopp, 118. 

Perron, O. Algebra, erster und zweiter Band, O. C. Hazett, 115. 

Persico, E. See Levi-Civita, T. 

Pélya, G., und Szegé, G. Aufgaben und Lehrsitze aus der Analysis, J. D. 
TAMARKIN, 233. 

Potron, —. Exercices de Calcul Différentiel et Intégrale, volume 1, J. D. 
TAMARKIN, 670. 

Ptolemy. Composition Mathématique, traduite pour la premiére fois du 
grec en francais par M. Halma (avec le texte grec), et suivie de notes 
de M. Delambre (réimpression), F. Cayori, 527. 

Ramanujan, S. Collected Papers, edited by G. H. Hardy, S. Aiyar, and 
B. M. Wilson, E. T. BELL, 783. 

Rietz, H. L. Mathematical Statistics, W. L. Crum, 235. 

Rigge, W. F. Harmonic Curves, E. W. Brown, 245. 

Ringleb, F. See Biirklen, O. T. 

Russell, B. See Whitehead, A. N. 

Saltykow, N. N. Sur la Théorie des Equations aux Dérivées Partielles du 
Premier Ordre d’une Seule Fonction Inconnue, J. M. THomas, 116. 

Severi, F. Trattato di Geometria Algebrica, volume I, parte I, J. L. 
Coo.ipc_E, 109. 


824 INDEX OF VOLUME XXXIV [Nov.-Dec., 


Smail, L. L. History and Synopsis of the Theory of Summable Infinite 
Processes, J. F. Ritt, 245. 

Smith, D. E. See Descartes, R. 

Speiser, A. Die Theorie der Gruppen von Endlicher Ordnung (zweite 
Auflage), G. A. MILLER, 526. 

Steffensen, J. F. Interpolation, W. R. LoNGLEy, 674. 

Szegé, G. See Pélya, G. 

Urban, F. M. See Coolidge, J. L. 

VaLiron, G. Fonctions Entiéres et Fonctions Méromorphes d’une Variable. 
K. P. 670. 

Véronnet, A. Figures d’Equilibre et Cosmogonie, E. J. MOULTon, 786. 

Weatherburn, C. E. Differential Geometry of Three Dimensions, W. C. 
GRAUSTEIN, 785. 

Whitehead, A. N., and Russell, B. Principia Mathematica (second edition), 
volumes II and III, A. Cuurcu, 237. 

Whittaker, E. T. A Treatise on the Analytical Dynamics of Particles and 
Rigid Bodies (third edition), W. R. LoncLey, 671. 

Wilson, B. M. See Ramanujan, S. 

Young, L. C. The Theory of Integration, W. A. Witson, 378. 


Errata, 107, 154, 264, 437. 

Index of Volume XXXIV, 817. 

New Publications, 125, 251, 395, 539, 683, 795. 

Notes, 121, 246, 385, 533, 675, 791. 

Papers Read Before the Society and Subsequently Published, Thirty- 
Seventh Annual List of, 801. 


1928.] INDEX OF VOLUME XXXIV 825 
9 


NOTES AND OTHER ITEMS 


Academies, Associations, Congresses, and Societies: 

Anierican Mathematical Society: Annual Meeting, 133; Auditors’ 
Report, 132; Bécher Prize, 133, 791; Budget, 132; Bulletin, 692, 791; 
By-Laws, 419; Cincinnati Meeting, 402, 791; Cole Prize, 401; Col- 
loquium Publications, 419; Committee on Award of Bécher Prize, 133; 
on Colloquium Publications, 419; on Fiftieth Anniversary Celebration, 
386, 402; on Nominations, 402; Dates and Places of Meetings 2, 15, 
403, 433, 545; Election of Officers, 15, 132; Endowment Fund, 132; 
Gibbs Lecture, 133, 691, 791; Librarian’s Report, 132; New Members 
Admitted, 1, 2, 130, 131, 402, 690; Representatives at Bologna 
Congress, 534, 691; on Council of American Association for the Ad- 
vancement of Science, 133; on National Research Council, 133; 
Statistics, 131; Summer Meeting, 133, 403, 692; Symposia, 2, 121, 386, 
403; Transactions, 121, 385, 533, 675; Treasurer’s Report, 132; 
Visiting Lecturer, 22, 122. 

Associations for the Advancement of Science: American, 133, 386, 

403; British, 247, 676; French, 534. 

American Philosophical Association, 386; Analysis Situs Conference 
at Princeton, 386; Astronomical Society of the Pacific, 248; Belgian 
Academy, 534, 792; British Society for Chemical Industry, 387; 
Calcutta Mathematical Society, 386; Cambridge Philosophical Society, 
248; Carnegie Corporation, 403; Carnegie Foundation, 386; Deutsche 
Gesellschaft fiir Wissenschaft und Kunst, Brunn, 387; Deutsche 
Mathematiker-Vereinigung, 792; Franklin Institute, 248, 535, 535; 
History of Science Society, 247, 533; International Astronomical 
Union, 792; International Mathematical Congress: Bologna, 246, 
534, 690, 691, 792; Toronto, 533; Italian Society of Sciences, 677; Kazan 
Physico-Mathematical Society, 122; London Mathematical Society, 
247, 676; Louisiana Academy of Sciences, 534; Madrid Academy, 
122; Mathematical Association of America, 403; National Academy of 
Sciences, 535, 692; National Research Council, 123, 133, 675; Newton 
Celebration, 247, 533; New Zealand Institute, 792; North Carolina 
Academy of Science, 676; Paris Academy, 247, 386; Polish Mathe- 
maticians’ Congress, 248; Royal Astronomical Society, 387; Royal 
Society of Arts, 676; Royal Society of London, 387; Swedish Academy, 
534; Unione Matematica Italiana, 534; Western Society of Engineers, 
387. 

Books, Announcement of New, 386, 386, 386, 533, 533, 675, 675 

Doctorates in Mathematics, American, 389. 

Fellowships: Commission for Relief in Belgium, 387; International Educa- 
tion Board, 122; Guggenheim, 388; National Research, 123. 

Journals: 

American Journal of Mathematics, 121, 246, 385, 533, 675; Annals 
of Mathematics, 246, 385, 675, 791; Boletin Matematico, 385; Bulletin 
of the American Mathematical Society, 692, 791; Journal de Mathéma- 
tiques, 246; Transactions of the American Mathematical Society, 
121, 385, 533, 675. 


826 INDEX OF VOLUME XXXIV [Nov.-Dec., 


Papers and Communications Presented to the Society, Authors: 

Adams, C. R., 422, 422, 706; Albert, A. A., 410; Alexander, J. W., 
420; Alexandroff, P. S., 420; Altshiller-Court, N., 695; Archibald, 
R. G., 10, 257; Ayres, F., 143; Ayres, W. L., 8, 8, 8, 20, 139, 430, 
551, 698, 699, 699. 

Bamforth, F. R., 413; Barnett, I. A., 404; Bateman, H., 16; Bell, 
E. T., 16, 433, 433, 433, 434, 434, 434, 434, 434; Benton, T. C., 7; 
Bernstein, B. A., 546; Black, F., 19; Blumberg, H., 427, 428; Blu- 
menthal, L. M., 135; Bray, H. E., 14; Brenke, W. C., 19; Brinkmann, 
H. W., 705; Brown, E. W., 133, 436; Browne, E. T., 141, 153; Buring- 
ton, R.S., 141. 

Cajori, F., 16, 16, 434, 434; Camp, C. C., 147, 408, 705; Campbell, 
A. D., 144, 144; Campbell, G. A., 703; Campbell, J. W., 546; Carlson, 
E., 416; Carpenter, A. F., 546; Chittenden, E. W., 420, 427; Coble, 
A. B., 142; Cohen, L. W., 426; Cope, T. F., 413; Copeland, A. H., 
4, 5, 5, 5, 702, 702; Craig, H. V., 709; Curtiss, D. R., 134. 

Davis, D. R., 550; Davis, H. T., 407, 704, 704; Dickson, L. E., 411, 
411, 412; Dines, L. L., 701, 702; Dodd, E. L., 408; Dorroh, J. L., 548, 
699; Douglas, J., 12, 12, 405, 405, 406, 406, 406, 407, 693; Dresden, A.., 
133. 

Earl, J. M., 416; Edmonson, N., 710; Emch, A., 404; Errera, A., 
703; Ettlinger, H. J., 708. 

Feenberg, E., 709; Feinler, F. J., 698; Ford, L. R., 145; Forsyth, 
C. H., 3, 3; Fort, T., 259; Foster, M. C., 143, 143; Franklin, P., 147, 
148, 148, 148; Frink, O., 10, 11, 11. 

Garabedian, C. A., 150; Garver, R., 11, 11, 11, 431, 431; Gehman, 
H. M., 7, 137, 137, 428; Gergen, J. J., 260; Ghosh, S., 261; Glenn, 
O. E., 10, 258; Gourin, E., 7, 7; Graustein, W. C., 425, 425, 694, 694; 
Graves, L. M., 417; Griffin, F. L., 546, 546; Griffiths, L. W., 412; 
Gronwall, T. H., 423, 703; Grove, V. G., 696. 

Hassler, J. O., 404; Haycraft, A., 546; Hazlett, O. C., 135, 135; 
Hedrick, E. R., 15, 150, 435, 435, 435, 436, 703; Hickey, D. M., 9; 
Hickson, A. O., 421; Hightower, R. U., 701; Hill, L. S., 4; Hille, E., 
262, 423, 705; Hofmann, L., 263; Hollcroft, T. R., 13, 144, 264, 424, 
696; Holt, H. K., 141; Hotelling, H., 423; Hufford, M. E., 407, 704; 
Huntington, E. V., 133; Hurwitz, W. A., 432; Hutchinson, J. I., 706. 

Ingold, L., 19, 142. 

Jackson, D., 133, 151, 414; Jaeger, C. G., 137; James, G. O., 20; 
James, V., 17; Jeffery, R. L., 707, 708; Jerbert, A. R., 547; Jones, 
B. W., 412. 

Kaplan, C., 432; Kasner, E., 6, 152, 152, 152, 263, 263, 263, 263, 
424, 425, 694; Ketchum, P. W., 711, 711; Kline, J. R., 263, 420; 
Knebelman, M. S., 695; Koopman, B. O., 6. 

Lane, E. P., 153, 401, 696; Langer, R. E., 712, 712; Langford, C. H., 
17; Lasley, J. W., 151; Latimer, C. G., 136, 136, 698; Lefschetz, S., 
262, 420; Lotka, A. J., 705; Lubben, R. G., 697. 

McAlister, E. H., 549; Mackie, E. L., 145; Manning, W. A., 411; 
March, H. W., 408; Mathews, R. M., 144; Merriman, G. M., 421; 


1928.] INDEX OF VOLUME XXXIV 827 


Michal, A. D., 8, 9, 709; Miles, E. R. C., 418, 418; Miller, E. W., 429; 
Miller, G. A., 136; Milne, W. E., 547; Moore, C. L. E., 693; Moore, 
C. N., 150, 414; Moore, L. T., 258; Moore, R. L., 137, 138, 138, 416, 
700; Moore, T. W., 430, 430; Moritz, R. E., 547, 547; Morrow, D. C., 
412; Morse, M., 420, 704; Murnaghan, F. D., 2, 431, 432; Musselman, 
J. R., 431. 

Neelley, J. H., 141, 424, 694; Neikirk, L. I., 548; Nelson, M., 548. 

Oppenheim, A., 140, 154; Ore, O., 9, 9, 135, 431. 

Pennell, W. O., 20; Perkins, F. W., 703; Peterson, T. S., 416; Phalen, 
H. R., 424; Pierpont, J., 129; Pixley, H. H., 422; Poritsky, H., 432; 
Prasad, G., 261; Putnam, R. G., 8, 699. 

Rainich, G. Y., 150; Ranum, A., 144, 145; Rawles, T. H., 146, 260; 
Richmond, D. E., 4, 708; Rider, P. R., 146; Risselman, W. C., 415; 
Ritt, J. F., 6; Roberts, J. H., 140, 409, 548, 548; Robertson, H. P., 
3, 3, 262; Robison, G. M., 145; Roever, W. H., 19; Roos, C. F., 14, 
140, 151, 421; Roth, W. E., 151; Rupp, C. A., 410. 

Schelkunoff, S. A., 693; Schoonmaker, H. E., 11; Seely, C. E., 14; 
Serghiesco, S., 258, 422; Sharpe, F. R., 695; Sheffer, I. M., 146, 146, 
147, 698, 707, 707; Shohat, J. A., 415, 415; Shook, R. C., 411; Simmons, 
H. A., 142, 697, 701, 711; Slotnick, M. M., 12, 13, 696, 697; Smail, 
L. L., 549; Smith, C. D., 407; Smith, P. A., 427, 427; Snyder, V., 405; 
Stetson, J. M., 13, 425; Stouffer, E. B., 18, 401; Struik, D. J., 149, 
703; Swingle, P. M., 429. 

Tamarkin, J. D., 423, 705; Thomas, J. M., 710; Tracey, J. I., 
258; Trjitzinsky, W. J., 17, 261, 414; Turner, J. S., 21. 

Uspensky, J. V., 17. 

Veblen, O., 152. 

Walsh, J. L., 149, 710, 710; Wang, S. C., 7; Ward, L. E., 413, 413; 
Ward, M., 17, 18; Weatherburn, C. E., 14; Weisner, L., 10, 257; 
Weiss, M. J., 18; Whelan, R. A., 706; Whyburn, G. T., 8, 20, 21, 138, 
138, 139, 153, 261, 409, 409, 410, 428, 429, 549, 550, 551, 551, 700; 
Whyburn, W. M., 148, 149, 259; Widder, D. V., 259; Wiener, N., 149, 
423; Wilder, R. L., 140, 426, 426, 426; Williams, A. R., 436; Williams, 
K. P., 417, 417; Williamson, E. N., 551; Wilson, N. R., 701; Wilson, 
W. A., 8, 260, 697; Winger, R. M., 141. 

Vang, C., 442: 

Zarycki, M., 262. 


Personal Notes: 

Abetti, G., 792; Adams, C. R., 677; Adams, W. S., 248; Albanese, 
G., 249; Albini, G., 534; Aldis, W. S., 538; Alexander, J. W., 536; 
Alexandroff, P., 122, 535; Allardice, R. E., 682; Amaldi, U., 677; 
Anderson, R. L., 681; Anderton, E. L., 123, 394; Andoyer, H., 792; 
Andrade, J., 536; Appell, P., 246; Archibald, R. C., 386, 386, 386, 
534, 692; Archibald, R. G., 389, 537; Arrhenius, S., 124; Auclair, 
J., 387; Ayres, W. L., 123, 389. 

Baidaff, B. I., 385; Bair, F.J., 794; Ballantine, C. R., 678; Bamforth, 
F. R., 389; Banach, S., 248; Barnard, R. W., 123; Barnett, I. A., 
678; Bartol, W. C., 537; Bateman, H., 535; Beale, F. S., 681; Behnke, 


828 INDEX OF VOLUME XXXIV [Nov.-Dec., 


H., 248; Bell, E. T., 133, 791; Bender, H. A., 793; Bernstein, B. A. 
791; Berry, A. C., 538; Berwald, L., 677; Bianchi, L., 682; Birkhoff, 
G. D., 534, 791; Bland, J. R., 794; Blichfeldt, H.F.,534; Blumberg, H., 
791: Blumenthal, L. M., 389, 681, 791; Bohr, H., 677; Bohr, N., 792; 
Bompiani, E., 249; Born, M., 122; Bosmans, H., 538; Bower, J. W., 
681; Bowles, C. F., 678; Boyd, P. P., 791; Bragg, W., 122, 247; 
Bramble, C. C., 793; Brand, L., 791; Bratton, W. A., 676; Brendel, 
M., 248; Brillouin, L., 394; de Broglie, L., 248; Brown, A. B., 538; 
Brown, B. L., 124; Brown, E. W., 387; Buchanan, D., 536; 791; 
Bullard, J. A., 678; Bush, V., 535; Butchart, R. K., 536; Byerly, P., 
388. 

Cajori, F., 386; Campbell, A. D., 536; Campbell, W. B., 678; 
Campbell, W. W., 676; Carathéodory, C., 122, 387, 536; Carey, F. S., 
794; Carlson, C., 538; Carlson, E., 678; Carman, M. G., 678; Car- 
michael, R. D., 133, 791; Carpenter, A. F., 678; Carslaw, H. S., 793; 
Castle, F., 794; Cerf, G., 247, 536; Changeux, P., 247; Cheney, W. F., 
389, 678; Chittenden, E. W., 791; Chittenden, J. B., 538; Church, A., 
123, 389; Clements, G. R., 793; Coble, A. B., 249; Cole, F. N., 401; 
Collier, M., 537; Compton, A. H., 248; Condon, E. U., 389; Conk- 
wright, N. B., 793; Cook, A., 394; Coolidge, J. L., 133, 386, 791; 
Cope, T. F., 124, 389; Copeland, A. H., 793; Copeland, L. P., 678; 
Courtier, A., 247; Craig, C. C., 389; Cramlet, C. M., 123; Croft, W. B., 
538; Cummings, K. D., 122; Cunningham, A. J. C., 394, 676; Currier, 
C. H., 678; Curtiss, D. R., 386. 

Dantzig, T., 123; Darkow, M.}D., 794; Davaux, E., 247; Davis, 
D. R., 389; Davis, H. N., 394; Davis, W. M., 538; Davis, H. T., 791; 
Dé, K. P., 394; Debye, P., 123; Deck, L. J., 678; Deimel, R. F., 678; 
Demos, M. S., 538; Deslandres, H., 676; Dick, F. J., 250; Dickson, 
L. E., 386, 386, 401, 791; Dillingham, A., 793; DoleZal, E., 535; Doner, 
R. D., 678; Dorwart, H. L., 681; Dostal, B. F., 249; Douglas, J., 123; 
Dowling, L. W., 682; Dresden, A., 133, 791; Dumont, F., 248; Dyson, 
F., 792. 

Eddington, A. S., 122, 247, 535; Edge, W. L., 534; Edington, W. E., 
678; Eglin, W. C., 394; Einstein, A., 535, 676; Eisenhart, L. P., 133; 
Elliott, W. W., 676; Emch, A., 249, 791; Errera, A., 537; Ettlinger, 
H. J., 791; Evans, G. C., 536. 

Fales, H. A., 678; Fantappié, L., 249; Fenn, I. H., 678; Fermi, E., 
677; Fields, J. C., 533; Fiske, T. S., 386; Fithian, J. H., 681; Fitterer, 
J. C., 793; Flanders, D. A., 123, 389; Ford, W. B., 677; Fort, T., 
133; Fowler, A., 122; Fowler, R. H., 247; Fox, A. H., 538; Fraenkel, 
A., 536; Fraleigh, P. A., 389; Fredholm, E. I., 250; Frink, O., 123, 
793; Firth, R., 388; Funk, P., 677. 

Gallo, J., 676; Garnier, R., 535; Garver, R., 537; Gaunt, J. A., 535; 
Genese, R. W., 394; Georgi, G., 122; Germond, H. H., 389; Gibson, 
G. A., 389; Gorrell, G. W., 537; Gossard, H. C., 123; Grant, A. A., 681; 
Graustein, W. C., 791; Graves, G. H., 678; Gregory, C. D., 537; 
Griffiths, L. W., 390; Guggenbiihl, L., 390. 

Haag, J., 536; Hammatt, H. B., 681; Hammerstein, A., 536; Hardy, 


1928] INDEX OF VOLUME XXXIV 829 


G. H., 247, 249, 691, 791, 793; Harkin, D. C., 390, 678; Harris, G. S., 
794; Hartogs, F., 536; Haskins, C. N., 793; Hatch, D. A., 679; Hazlett, 
O.C., 249, 388; Hedlund, G.A., 538; Hedrick, E. R., 386, 791; Heiberg, 
J. L., 394; Heisenberg, W., 248; Henderson, A., 791; Herman, R. A., 
250; Hicks, H. C., 793; Hightower, R. U., 390; Hilbert, D., 676; Hill, 
B. V., 793; Hill, L. S., 249; Hille, C. E., 537; Hilton, H., 247; Hin- 
richsen, J. J.,538; Hinton, C., 122; Hélder, O., 536; Hofmann, L., 
537; Hollcroft, T. R., 791; Hopf, H., 122; Hopfield, J. J., 388; 
Hopkins, C., 390; Hopkins, F., 794; Horne, C. E., 679; Hotelling, 
H., 124; Hull, D., 679; Hund, F., 123. 

Ingold, L., 791, Ingraham, M. H., 791. 

Jackson, D., 386, 791; Jackson, R. L., 794; Jaeger, C. G., 390; 
James, V., 390, 679; Jeans, J. H., 248, 676; Jeffery, G. B., 247; Jerbert, 
A. R., 390; Joffe, S. A., 132; Johnson, R. A., 793; Jonah, F. C., 679; 
Jones, B. W., 538; Jones, G., 123; Jones, T. D., 123. 

Karapetoff, V., 248; von K4rm4n, T., 792; Kasner, E., 534; Keeler, 
681; Keller, E. G., 679; Kendall, C., 679; Kennedy, R. J., 388; Ken- 
rick, G. W., 390; Kent, F. C., 679; Kern, W. F., 794; King, W. J., 
794; Kline, J. R., 791; Koebe, P., 534; Kénig, R., 123; Koopman, 
B. O., 537; Koschmieder, L., 388; Kowalewski, G., 535; Krafft, M., 
123; Krall, G., 389; Kuratowski, C., 249. 

Lagrange, 536; Lane, E. P., 121, 679, 791; Lane, H. I., 679; Lange- 
vin, P., 122, 676; Langford, C. H., 791; Langmuir, I., 248; Lanza, G., 
538; Lasley, J. W., 676; Latimer, C. G., 679; Lecat, M., 792; Lef- 
schetz, S., 133,536; Lewy, H., 388; Libman, E. E., 679; Lindsay, R. B., 
679; Lipps, H., 677; Little, N. C., 388; Littlewood, J. E., 535, 536; 
Logsdon, M. I., 791; Longley, W. R., 537; Loomis, F. W., 388; 
Lorentz, H. A., 394; de Losada y Puga, C., 676; Lubben, R. G., 
679; Luquiens, 537; Luther, F. S., 538; Lyle, G. A., 794. 

M’'Crae, W.°H., 535; McEwen, G. F., 679; McFarland, E. J., 679; 
McGiffert, J., 390; McKinney, T. E., 537; McLennan, J. C., 387; 
MaclInnes, C. R., 536; Mackie, E. L., 390; Magnan, A., 247; Maizlish, 
I., 534; Mandelbrojt, S., 389; Manning, W. R. D., 122; Maria, A. J., 
679; Marriott, R. W., 679; Mason, M., 537; Mears, F. M., 390, 679; 
Mehmke, R., 122; Melchiors, J. M., 680; Menger, K., 535; Merriman, 
G. M., 123, 680; Miller, B. I., 681; Miller, J. A., 676; Miller, W. M., 
390; Millikan, R. A., 387, 387, 677; Milne, E. A., 793; Mohrmann, 
H., 389; Moore, C. N., 386, 791; Moore, L. T., 537; Moore, R. L., 
791; Moore, T. W., 123, 390; Mordoukhay-Boltovskoy, D. D., 387; 
Morehead, J. C., 680; Morrell, J. S., 390; Morris, F. R., 680; Morse, 
D. S., 680; Morse, M., 680; Moulton, F. R., 124, 386; Miiller, E., 
250; Mulholland, H. P., 793; Mullins, G. W., 537; Murnaghan, F. D., 
680, 791; Musselman, J. R., 680. 

NAdai, A., 250; Nalli, P., 249; Neelley, J. H., 390; Nernst, W., 535; 
Newton, I., 247; Nikodym, O., 389; Nérlund, N. E., 122, 792; North- 
cott, J. A., 680; Nu&l, F., 792; Nuyens, M., 534. 

Ogg, F. C., 390; Ore, O., 394; Osborn, H. F., 386; Osborne, G. A., 
250; Ostrowski, A., 249. 


830 INDEX OF VOLUME XXXIV [Nov.-Dec., 


Painlevé, P., 248; Paloque, E., 247; Paradiso, L. J., 681; Du Pas- 
quier, L. G., 534; Patterson, B. C., 124; Pauli, W., 388; Payne, W. W., 
394; Pearson, K., 677; Perkins, F. W., 538; Peterson, J. K., 538; 
Pettit, H. P., 680; Phillips, E. C., 794; Phillips, H. B., 536; Piazzola 
Beloch, M., 249; Picard, E., 246, 676; Pierpont, J., 386; Pittarelli, G., 
123; Pixley, H. H., 681; Planck, M., 792; Péschl, T., 249; Poli, C., 
389; Pollaczek-Geiringer, H., 123; Pollard, H. S., 680; Pélya, G., 
536; Poritsky, H., 123, 390; Porter, A. W., 247; Prandtl, L., 676; 
Price, G. B., 538; Pupin, M. I., 386, 386, 387, 677; Putnam, R. G., 680. 

Rainich, G. Y., 791; Ranum, A., 791; Rawles, T. H., 390; 
Reddick, H. W., 132; Reed, L. J., 680; Reilly, M., 677; Reimer, 
E. H., 391; Reinhardt, K., 536; Reukema, L. E., 388; Reynolds, J. B., 
124; Richardson, C. H., 391, 537; Richardson, D. P., 681; Richardson, 
R. G. D., 386; Rider, P. R., 680; Robert, H. M., 680; Robertson, 
H. P., 123, 680; Robinson, G. E., 124; Roos, C. F., 123, 680; Rosen- 
bach, J. B., 794; Roth, W. E., 680; Rowe, J. E., 537; Roy, L., 535; 
Rudio, F., 536; Rupp, C. A., 680; Russell, H. E., 250; Rutherford, E., 
122, 248, 676, 676. 

Saible, E., 391; Salkowski, E., 123; Sauté, G., 387, 538; Saxer, W., 
123; Schelkunoff, S. A., 794; Schleiermacher, L., 538; Schlesinger, F., 
792; Schmidt, F. K., 123; Schoenflies, A., 682; Schénhardt, E., 123; 
Schoonmaker, H. E., 391, 681; Schuler, M., 677; Schur, A., 389; 
Segre, B., 389; Semple, R. A., 387; Sensaud de Lavaud, D., 247; 
Séve, P., 247; Sforza, G., 538; Shaub, H. C., 391; Shaw, A. A., 391; 
Sheffer, I. M., 123, 391; Shively, L. S., 794; Showman, H. M., 537; 
Sierpinski, W., 248; Signorini, A., 677; Simmons, H. A., 681; Simons, 
L. G., 250; Sinclair, M.E., 250; de Sitter, W., 791; Slotnick, M.M.., 123, 
538; Smiley, C. H., 391; Smith, C. E., 692; Smith, D. E., 386, 677; 
Smith, H. L., 534, 681; Snyder, V., 534, 791; Sommerville, D. M. Y., 
792; Spampinato, N., 249; Stager, H. W., 794; Stanley, H., 681; 
Starke, E. P., 391; Staude, O., 682; Stetson, J. M., 794; Stevenson, 
A. F. C., 681; Stone, M. H., 681; Stotz, H. C., 794; Stouffer, E. B., 
121, 791; Struik, D. J., 537; Struve, O., 388. 

Tamarkin, J. D., 535, 538; Taylor, H. M., 250; Teach, V. B., 250; 
Thomas, E., 794; Thomas, J. M., 791; Thompson, M. K., 681; Thurs- 
ton, H. S., 794; Timoshenko, S., 250; Timpe, A., 123; Tonelli, L., 
677; Tonolo, A., 249; Torrey, M. M., 681; Trjitzinsky, N. J., 391, 681. 

de la Vallée Poussin, C. J., 387; Van Arnam, A. M., 681; Van 
Benschoten, A. L., 124; Van Vleck, J. H., 794; Vass, J. I., 681; Veblen, 
O., 249, 386, 386, 534; Veneroni, E., 538; Vessiot, E., 248, 535; Vie- 
toris, L., 535; Villat, H., 247, 386; Villey, J., 386; Vitali, G., 677. 

Waelsch, E., 387, 538; Wagner, P. S., 681; Walcott, G. D., 386; 
Wall, H. S., 391; Walther, A., 677; Waltz, A. K., 391; Ward, L. E., 
681, Watson, G. N., 247; Watson, W. W. 388; Weaver W. 681; 
Webber, W. J., 794; Weber, H., 682; Wedderburn, J. H. M., 536; 
Wells, M. E., 794; Western, A. E., 247; Wexler, C., 538; Weyl, H., 
122, 536; Whelan, R. A., 681; White, F. P., 247; Whitford, D. E., 
681; Whyburn, G. T., 124, 391, 681; Whyburn, W. M., 123, 391, 537; 


1928.] INDEX OF VOLUME XXXIV 831 


Widder, D. V., 250; Wiener, O., 123; Wilder, R. L., 791; Williamson, 
J., 391; Wilson, A. H., 534; Wilson, C, T. R., 248; Wilson, E. B., 
386; Wilson, W. A., 791; Winslow, H. J., 794; Winger, R. M., 791; 
Winsor, A. S., 391; Wood, F., 681; Woodward, J. H., 682; Wright, 
F. M., 681; Wright, H. A. 538; Wright, W. H., 535. 

Yeaton, C. H., 794; Young, W., 250. 

Zaremba, S., 248. 


Prizes and Medals: 


Astronomical Society of the Pacific, Bruce Medal, 248; Belgian Aca- 
demy, 534, 792; Bécher, 133,791; British Society of Chemical Industry, 
Messel Medal, 387; Cambridge Philosophical Society, Hopkins Prize, 
248; Cambridge University, 122, 534, 535; Cole, 401; Dini, 534; 
Franklin Institute, 248, 535, 535; Fubini, 534; Italian Society of Sci- 
ences, 677; Lobachefsky, 122; Madrid Academy, 122; National 
Academy, Draper Medal, 535; New Zealand Institute, Hector Medal, 
792; Nobel, 248; Paris Academy, 247; Perkin Medal, 248; Planck 
Medal, 792; Royal Astronomical Society, 387; Royal Society of Arts, 
Albert Medal, 676; Royal Society of London, Royal Medal, 387; 
Swedish Academy, Royal Prize, 534; Western Society of Engineers, 
Washington Award, 387. 


Universities and Technical Schools: 


Bryn Mawr, 677; Minnesota, 393; 
Cambridge, 122, 534, 535; Nebraska, 393; 
Chicago, 391; Ohio State, 393; 
Colorado, 392; Pennsylvania, 393; 
Columbia, 392; Pisa, 534; 
Gottingen, 388; Princeton, 123, 386; 
Illinois, 392; Stanford, 393; 
Iowa, 392; Texas, 393; 


Michigan, 392; Wisconsin, 394. 


NATIONAL RESEARCH COUNCIL 
Two New Mathematical Bulletins 


Algebraic Numbers - II 


A review of the literature in the field. Planned 
primarily for investigators who have considerable 
familiarity with the theory of algebraic numbers. 111 
pages. $1.50. (Cloth $2.00.) 


CONTENTS: I. The Class Number in the Algebraic Num- 
ber Field. G. E. Wauntrn. II. Irregular Cyclotomic Fields 
and Fermat’s Last Theorem. H. S. VANDIVER. 


> 


Selected Topics in Algebraic Geometry 


Gives a brief but comprehensive survey of the litera- 
ture on certain topics in algebraic geometry. 396 
pages. $4.00. (Cloth $4.50.) 


CONTENTS: I. Quadratic Cremona Transformations. 
Arnold Emch. II. Analysis of Singularities of Plane Alge- 
braic Curves. Arnold Emch. III. Linear Systems of Plane 
Curves. F. R. Sharpe. IV. Planar Cremona Transforma- 
tions. Arthur B. Coble. V. Multiple Correspondences Be- 
tween Two Planes. Virgil Snyder. VI. Involutions on Ra- 
tional Curves. Virgil Snyder. VII. Correspondences on 
Non-Rational Curves. Virgil Snyder. VIII. Cremona Trans- 
formations in Space and Hyperspace. Arthur B. Coble. IX. 
(1, 2) Correspondences Between S’r and Sr, r>2. Virgil 
Snyder. X. Reduction of Singularities of Space Curves and 
Surfaces. Arnold Emch. XI. Multiple Correspondence in 
Space and Hyperspace. Virgil Snyder. XII. Mapping of a 
Rational Surface on a Plane. F. R. Sharpe. XIII. Map- 
ping of a Rational Congruence on a Plane. F. R. Sharpe. 
XIV. Involutions on Irrational Surfaces. Charles H. Sisam. 
XV. Transcendental Theory. S. Lefschetz. XVI. Singular 
Correspondences between Algebraic Curves. S. Lefschetz. 
XVII. Hyperelliptic Surfaces and Abelian Varieties. S. 
Lefschetz. 


NATIONAL RESEARCH COUNCIL 
WASHINGTON, D. C. 


| 

| 

| 
| 

| 

| 

| 

| 
| 


COLLEGE ALGEBRA 


By KENNETH P. WILLIAMS, Professor of 


Mathematics, Indiana University 
Points of excellence 


The first chapters give a concise treatment of 
elementary processes . . . . There are no 
long, unbroken developments of theory... . 
Every lesson contains exercises . . . . Many 
illustrative examples . . . . This new book 
stimulates the average student, and satisfies 
the superior student. $2.00 


Boston GINN AND COMPANY New York 


Chicago Atlanta Dallas Columbus San Francisco 


We Are the Sole AMERICAN AGENTS 
for 
BELL’S ADVANCED 
MATHEMATICAL SERIES 


First Course in Nomography by S. Brodetsky. Price $3.50 
Projective Vector Algebra by L. Silberstein. Price $2.75 
First Course in Statistics by D. Caradog Jones. Price $5.00 
Elementary Treatise on Differential Equations and Their 


Application by H. T. H. Piaggio. Price $4.25 
Elementary Vector Analysis with Application to Geometry 
and Physics by C. E. Weatherburn. Price $4.25 


Advanced Vector Analysis by C. E. Weatherburn. Price $5.00 
Mathematical Theory of Limits by J. G. Leathem. Price $4.75 


Send for complete catalog 


THE OPEN COURT PUBLISHING COMPANY 
337 East Chicago Avenue, Chicago, Illinois 


Members of the American Mathematical Society will re- 
ceive a discount of 25 per cent on all of the publications listed 
below. The net prices to members are stated. 


Mathematische Annalen—Mathematische Zeitschrift 


One or two volumes of the ANNALEN, and two or three 
volumes of the ZEITScHRIFT, appear each year. Each volume 
contains about 800 pages. The net price to members is $10.00 
per volume, plus postage. 


Die Grundlehren der mathematischen Wissenschaften 


This series is edited by R. Courant, assisted by W. Blaschke, 
and M. Born. Recent volumes are listed in this BULLE- 
TIN under New Publications. A detailed catalog will be sent 
upon request. 

Orders for books of the Courant series, for the ANNALEN, 
and for the ZerrscuriFt, should be sent to the publisher, Julius 
Springer, Berlin, or his official agent, who is also an official 
agent for this Society: 


Hirschwaldsche Buchhandlung, Unter den Linden 68, Berlin 


Jahrbuch iiber die Fortschritte der Mathematik 


For recent issues, the net prices to members, including mail- 
ing, are: vol. 46 (1916-18), $17.05; vol. 47, Nos. 1-5, $9.80; vol. 
48, Nos. 1-3, $6.70. Orders should be sent to 


L. Bieberbach, Marienbaderstr. 9, Berlin-Schmargendorf 
or to 


Walter de Gruyter & Co., Genthinerstr. 38, Berlin 


This firm publishes also CRELLE’s JouRNAL, the MINERvA- 
ZEITSCHRIFT, and many other journals. 


Abhandlungen aus dem Mathematischen Seminar der 
Hamburgischen Universitat 


One volume of about 400 pages appears each year. The 
net price to members is $3.90, plus a mailing charge, if orders 
are sent to: 


B. G. Teubner, Publisher, Leipzig, Germany 


| 


Mémorial des Sciences Mathématiques 
Edited by HENRI VILLat 


Under the patronage of la Société mathématique de France, 
l’Académie des Sciences de Paris, and the scientific academies of 
Servia, Belgium, Bucarest, Poland, Ukraine, Spain, Prague, Rome (dei 
Lincei), and Sweden. See this BULLETIN, vol. 31, Nos. 5-6, p. 281. 


The following twenty-six monographs have appeared at 15 fr. each. 


Pau ApPELL, Sur une forme générale des équations de la dynamique. 

G. Va.tron, Fonctions entiéres et fonctions méromorphes. 

Paut APPELL, Séries hypergéométriques de plusiers variables, polynomes 
d’Hermite et autres fonctions sphériques de lhyperespace. 

M. p’OcacneE, Esquisse d’ensemble de la nomographie. 

P. Lévy, Analyse fonctionnelle. 

E. Goursat, Le prebléme de Backlund. 

A. Bunt, Séries analytiques. Sommabilité. 

TH. Donper, Introduction a@ la gravifique einsteinienne. 

E. Cartan, La géométrie des espaces de Riemann. 

P. Humsert, Fonctions de Lamé et fonctions de Mathieu. 


G. Bovuticanp, Fonctions harmoniques. Principes de Picard et de 
Dirichlet. 


R. Gosse, La méthode de Darboux pour les équations s=f (x, y, 2, p, q). 
A. VEronneT, Figures d’équilibre et cosmogonie. 
Tu. Donper, Théorie des champs gravifiques. 

. ZAREMBA, La logique des mathématiques. 

. Bunt, Formules Stokiennes. 

. Vattron, Théorie générale des séries de Dirichlet. 

. SarntTE-LacuE, Les réseaux (ou Graphes). 

. LAGRANGE, Calcul différentiel absolu. 

. Biocn, Les fonctions holomorphes et méromorphes dans le cercle- 

unité. 
. JANET, Les systémes d’équations aux dérivées partielles. 
. Gopeaux, Les transformations birationnelles du plan. 


. REmMounpos, Extension aux fonctions algébroides multiformes du 
théoréme de M. Picard et de ses applications. 


. E. NOrtunp, Sur la “sommeé’ d’une fonction. 
. Darmots, Les équations de la gravitation einsteinienne. 


. Gameter, Déformation des surfaces étudiées du point de vue in- 
finitésimal. 


Many others are in press or in preparation. 
For all information, address 


Gauthier-Villars et Cie., 55, Quai des 
Grands-Augustins, Paris 


G 


= S01 West 1 


OFFICIAL COMMUNICATIONS 


pare ae the Society have been fixed at the following 
times and places: 


Cincinnati, Onto, November 30 and December 1, 1928. 


Abstracts must be in the hands of Proressor M. H. INGRAHAM, 
Associate Secretary of the Society, University of Wisconsin, Madison, 
Wis., not later than November 9. On Friday afternoon, Professor 
G. D. Birkhoff will give an address on The mathematical basis of art; 
Professor E. R. Hedrick will speak on Recent developments in ihe 

_ theory of non-analytic functions of a complex variable; and Professor 

Archibald Henderson will deliver an address at the invitation of the 


= Lawrence, Kansas, December 1, 1928. (The Southwestern 
Section.) 


Abstracts must be in the hands of the Secretary of the Section, 
Professor E. B. Stouffer, Lawrence, Kansas, not later than Novem. 
ber 10, Professor A. J. Kempner will deliver an address at the invita- 
tion of the Program Committee. 


New York City, ANNuat MEETING, December 27-31, 1928. 


Abstracts must be in the hands of the Associate Secretary, Arnold 
Dresden, at West 116th St, New York City, not iater than November 
29. On Friday morning, the Bocher prize will be awarded, and Pro- 
fessor W. F. Osgood will speak on the life and work of Bécher. On 
Friday afternoon, at the usual joint session with other Organizations, 
Professor Dunham Jackson will give his retiring address as vice-presi- 
dent of Section A of the A.A.AS.; and Professor J. L. Coolidge, at 
the invitation of the A.M.S. and the M.A.A,, will present a paper en- 
titled The heroic age in geometry. Later on Friday afternoon, the 
sixth Josiah Willard Gibbs Lecture will be given by Professor G. H. 

of the University of Oxford, on the topic An introduction to 
. the theory of numbers. (The meetings on Monday, December 31, will 
consist of a symposium on Wave Mechanics, in joint session with the 
American Physical Society.) ; 
_ Cuicaco, December 31, 1928, January 1, 1929. 

Abstracts must be in the hands of Proressor M. H. INGRAHAM, 
Associate Secretary of the Society, University of Wisconsin, Madison, 
Wis., not later than December 3. 

R. G. D. Ricwarpson, 
Secretary of the Society. 


Articles for insertion in the BULLETIN should be addressed to E. R. 
Hepricx, Editor of the Buttes, University of California at Los 
Angeles. Reviews should be sent to W. R. Lonciey, Yale University, 
New Haven, Conn. Notes should be sent to H. W. Kuan, Ohio State 
University, Columbus, Chio. 

Subscriptions to the Butiertn, orders for back numbers, and in- 
quifies in regard to non-delivery of current numbers should be addressed 
to the American Mathematical Society, Menasha, Wis., or 501 West 
116th Street, New York. 

The initiation fees ($5.00) and the annual dues ($6.00) of members 
of the caged are payable to the Treasurer of the Society, W. B. Fire, 
16th Street, New York. 
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